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Linköping 2004

July 29, 2005 (15:09)



ii

Cyclic

Trigonal Riemann Surfaces of Genus 4

c© 2004 Daniel Ying

Matematiska institutionen Linköpings universitet SE-581 83
Linköping, Sweden dayin@mai.liu.se

LiU-TEK-LIC-2004:54
ISBN 91-85295-68-X
ISSN 0280-7971

Printed by UniTryck, Linköping 2004
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Abstract

A closed Riemann surface which can be realized as a 3-sheeted covering
of the Riemann sphere is called trigonal, and such a covering is called a
trigonal morphism. Accola showed that the trigonal morphism is unique for
Riemann surfaces of genus g ≥ 5. This thesis will characterize the Riemann
surfaces of genus 4 with non-unique trigonal morphism. We will describe
the structure of the space of cyclic trigonal Riemann surfaces of genus 4.
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Introduction

Riemann surfaces were first introduced by Riemann in his doctoral disser-
tation Foundations for a general theory of functions of a complex variable
in 1851. The use of the Riemann surfaces was as topological aid to the
understanding of many-valued functions. Since then the results have been
improved, amongst others by F. Klein, but it took until 1913 for the first
abstract definition of a Riemann surface to appear in H. Weyl’s book The
concept of a Riemann surface.
A Riemann surface X is a Hausdorff conneced topological space, together
with a family {(φj , Uj) : j ∈ J} where Uj is an open cover of X and each φj

is an homeomorphism of Uj onto an open subset of the complex plane. A
closed Riemann surface X which can be realized as a 3-sheeted (branched)
covering of the Riemann sphere is said to be trigonal, and such a covering
is called a trigonal morphism. A morphism is a branched covering.
To study Riemann surfaces is equivalent to study algebraic curves, thus
a trigonal Riemann surface X is represented by an algebraic curve of the
form

y3 + yb(x) + c(x) = 0

If b(x) ≡ 0 then the trigonal morphism is a cyclic regular covering and the
Riemann surface is called cyclic trigonal. A non-cyclic trigonal Riemann
surface is said to be a generic trigonal Riemann surface.
If Xg is a cyclic trigonal Riemann surface there is an automorphism, ϕ, of
order 3 such that Xg/〈ϕ〉 is the Riemann sphere with conic points of order
3, and in fact there are g+2 such conical points. ϕ will be called a trigonal
morphism. Cyclic Riemann surfaces have equations

y3 = c(x)

A trigonal Riemann surface Xg, of genus g, can be uniformized by a Fuch-
sian group Γ, that is, Xg = H/Γ and the trigonal morphism gives g + 2
conical points on the Riemann sphere so the quotient surface is uniformized
by a Fuchsian group with signature s(Λ) = (0; +; [3, 3, . . . , 3, 3]).
Let G = Aut(Xg) then the quotient surface Xg/G is also uniformized by a
Fuchsian group ∆ such that Xg/G = H/∆.

Xg
∼= H/Γ

Xg/G ∼= H/∆

H/Λ = Xg/〈ϕ〉 =
= Ĉ with conical points of order 3
s(Λ) = (0; +; [3, 3, . . . , 3, 3])

Q
Q

Q
Q

Qs

�
�

�	?
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Accola showed in his paper [1] that the trigonal morphism, ϕ, is unique
for Riemann surfaces of genus g ≥ 5, however for genus less than 5 the
morphism need not be unique as we shall see.
The task of classifying the possible trigonal Riemann surfaces of genus 4
is done by finding the signature groups of ∆ and defining suitable epimor-
phisms from the groups ∆ onto groups with order a multiple of 3.
The main result is given by the two theorems:

Theorem 1. (i) There is a uniparametric family of cyclic trigonal Rie-
mann surfaces X4(λ) of genus 4 with non-normal trigonal morphisms.
Aut(X4(λ)) = D3×D3 and X4(λ)/Aut(X4(λ)) are uniformized by the
Fuchsian group ∆ with signature s(∆) = (0; [2, 2, 2, 3]).

(ii) There is one cyclic trigonal Riemann surface Y4 of genus 4 with
non-normal trigonal morphisms. Aut(Y4) = (C3 × C3) ⋊ D4 and
Y4/Aut(Y4)) is the sphere with 3 conic points of order 2, 4 and 6
respectively.

Theorem 2. The space M3
4 of cyclic trigonal Riemann surfaces of genus

4 form a disconnected subspace of the moduli space M4 of dimension 3.

1. The subspace of M3
4 formed by Riemann surfaces of genus 4 with

automorphism group of order 6 has dimension 2 in M3
4. The auto-

morphism group of the Riemann surfaces is either C6 or D3.

2. The subspace of M3
4 formed by Riemann surfaces of genus 4 with

automorphism group of order 12 has dimension 1 in M3
4. The auto-

morphism group of the Riemann surfaces is either C2 × C6 or D6.

3. The subspace of M3
4 formed by Riemann surfaces X4(∆) of genus 4

with automorphism group of order 36 has dimension 1 in M3
4. The

automorphism group of the Riemann surfaces is D3 × D3 and the
surfaces admit non-normal trigonal morphisms.

4. There are exactly 2 cyclic trigonal Riemann surfaces X4 and Y4 of
genus 4 with automorphism groups of order 72.

(i) X4 has a normal trigonal morphism and Aut(X4) = S4 × C3.

(ii) Y4 has non-normal trigonal morphisms and Aut(Y4) = (C3 ×
C3) ⋊D4

July 29, 2005 (15:09)



Chapter 1

Preliminaries

1.1 Hyperbolic geometry

Hyperbolic geometry takes place in the hyperbolic plane and the hyper-
bolic geometry can be described in terms of the usual Euclidean geometry
by using different models. The two most common models are the upper
complex half-plane, denoted H = {x + iy : y > 0}, and the unit disc,
∆ = {z ∈ C : z < 1}
The metrics ρ on each model is given by

ds =
|dz|

Im(z)
,

for the upper half-plane and

ds =
2|dz|

1 − |z|2
,

for the unit disc.
These two models will be refered to as the Poincaré models, and the benefits
of using these two models are that we can easily describe the circle of points
at infinity in each of them, namely R ∪ ∞ in the upper half-plane and
{z ∈ C : |z| = 1} in the unit disc.
The group of orientation preserving isometries (maps leaving ρ invariant)
of the hyperbolic plane is the extended group of Möbius transformations.
The elements are expressed by

z 7→
az + b

cz + d
,

where a, b, c, d ∈ R and ad− bc = 1, and the orientation reversing transfor-
mations

z 7→
az̄ + b

cz̄ + d
,

July 29, 2005 (15:09)
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where a, b, c, d ∈ R and ad − bc = −1, for the upper half-plane. The
orientation preserving transformations are expressed by

z 7→
az + c̄

cz + ā
,

where |a|2 − |c|2 = 1, for the unit disc.
There will be no distinction between the two models, we will denote both
models H.
We define a hyperbolic line (h-line) to be the intersection of the hyperbolic
plane with a Euclidean circle or straight line which is orthogonal to the cir-
cle at infinity. Using this definition it is a well know fact that the following
hold:

1. The reflection in an h-line is a ρ-isometry.

2. Any transformation is the product of at most three reflections. Fur-
thermore, the orientation preserving isometries of H are products of
exactly two reflections.

3. If L is an h-line and g is an hyperbolic isometry then g(L) is an h-line.

4. Given any two h-lines L1 and L2, there is a ρ-isometry g such that
g(L1) = L2.

A conformal (orientation preserving) isometry is of one of the three types:
parabolic, elliptic or hyperbolic. The type of isometry can be recognized
by the location of the fixed points or by the function trace.

1. Parabolic isometries: An isometry g is parabolic if and only it can
be represented as g = σ1σ2 where σj is a reflection in the geodesic Lj

and L1 and L2 are parallel geodesics. Using the trace this becomes
Trace2(g) = 4.

2. Elliptic isometries: An isometry g is elliptic if and only if it can be
represented as g = σ1σ2 where σj is the reflection in Lj and L1 and
L2 intersect at a point w. Trace2(g) ∈ [0, 4)

3. Hyperbolic isometries: An isometry g is hyperbolic if and only
if it can be represented as g = σ1σ2 where σj is a reflection in the
geodesic Lj and L1 and L2 are disjoint and have L0 as the common
orthogonal geodesic. Trace2(g) ∈ (4,+∞)

1.2 Riemann surfaces

A Riemann surface X is a topological space that locally is identical to the
complex plane C (More formally it is a Hausdorff connected space). Each
point on X has an open neighborhood homeomorphic to some open subset
of C.

July 29, 2005 (15:09)
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Riemann surfaces are defined in order for the concept of analytic function
and complex analytic function theory to extend without difficulty to them.
A Riemann surface can be covered with some open subsets {Uj : j ∈ J}
and together with a homeomorphism ϕj from Uj onto an open subset of
the complex plane. The pair of them (ϕj , Uj) is called a chart and the set
of all charts {(ϕj , Uj) : j ∈ j} is called an atlas of the Riemann surface.
Each homeomorphism ϕj also satisfies that whenever two open subsets
from the atlas intersects U = Ui ∩ Uj 6= ∅ then

ϕ−1
j ◦ ϕi : ϕj(U) → ϕi(U)

is an analytic (or meromorphic) map between the two plane sets ϕj(U)
and ϕi(U) in the complex plane. The compatibility of the atlases is an
equivalence relation and the equivalence class on atlases is called a complex
structure on X .

Definition 1.2.1. Let X be a Riemann surface. A function f : X → C
is called analytic (or meromorphic), if for every chart (ϕi, Ui) on X , the
function f ◦ ϕ−1 : ϕ(U) → C is analytic (or meromorphic) on ϕ(U) in the
usual sense.

It is possible to define analytic (or meromorphic) maps between Riemann
surfaces. If X and Y are two Riemann surfaces with atlases {(ϕj , Uj) : j ∈
J} and {(ψi, Vi) : i ∈ I} then a continuous map f : X → Y is analytic (or
meromorphic) if

ψi ◦ f ◦ ϕ−1
j : ϕj(Uj ∩ f

−1(Vi)) → C

is analytic. We say that the function f : X → Y is holomorphic.

Definition 1.2.2. Let X and Y be two Riemann surfaces. A function
f : X → Y is called biholomorphic if it is bijective and both f : X → Y
and f−1 : Y → X are holomorphic.

Two Riemann surfaces X and Y are isomorphic (or conformally equivalent)
if there is a biholomorphic function f of X onto Y . We do not distinguish
between such equivalent surfaces.

Example 1.2.1. There are a numerous examples of Riemann surfaces.

1. Let Ĉ = C ∪ {∞}. The topology on Ĉ can be defined to be the open
sets V in C, together with the unions V ∪{∞} and with this topology

Ĉ is a compact Haussdorff space homeomorphic to the 2-sphere. One
possible atlas on Ĉ is to take {(ϕi, Ui)} for i = 1, 2 to be U1 = C and

U2 = Ĉ\{0}. The homeomorphisms in this case can be defined to be
ϕ1 = 1d and ϕ2 = 1/z for z ∈ C and ϕ2 = 0 for z = ∞.

Clearly, Ĉ = U1 ∪ U2 by definition, and ϕ1, ϕ2 are homeomorphisms.
Their compositions ϕ2 ◦ϕ

−1
1 (z) = 1/z and ϕ1 ◦ϕ

−1
2 (z) = 1/z are ana-

lytic on ϕ1(U1 ∩U2) = C\{0} and ϕ2(U1 ∩U2) = C\{0} respectively.
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Hence, the atlas is analytic and gives the desired complex structure
on Ĉ. The resulting Riemann surface is called the Riemann sphere.

2. If we take any surface (without singularities) and a (finite) group
acting discontinuously on the surface. The quotient space will be a
Riemann surface.

Riemann surfaces as quotient spaces

One method of constructing a Riemann surface is to form the quotient
space with respect to a discontinuous group action. It is a well known fact
that every Riemann surface arise in this way.

Theorem 1.2.1. Every simply connected Riemann surface is conformally
equivalent to just one of:

1. the Riemann sphere, Ĉ.

2. the Euclidean plane, C.

3. the hyperbolic plane, H.

Theorem 1.2.2. [3] Let D be a subdomain of Ĉ and let G be a group of
Möbius transformations which leaves D invariant and which acts discon-
tinuously in D. Then D/G is a Riemann surface.

There is a converse to the theorem 1.2.2 called the uniformization theorem,
due to F. Klein and H. Poincaré (see [3], [17]):

Theorem 1.2.3. (Uniformization theorem) A Riemann surface X is the
quotient space of either the Riemann sphere, the Euclidean plane or the
hyperbolic plane by a group Γ acting properly discontinuously on it.

A Riemann surface X of genus g ≥ 2 is the quotient space of the hyperbolic
plane by a group Γ acting discontinuously on it; these groups are called
Fuchsian groups. The projection p : H → X is the universal covering of
X , as quotient space. Now Γ is the group of deck transformations of the
universal covering p and we say that Γ is the fundamental group of X .

1.3 Fuchsian groups

Definition 1.3.1. A group G of Möbius transformations is a Fuchsian
group if and only if there is some G-invariant disc in which G acts discon-
tinuously.

The notion of acting discontinuously means that for any compact subset U
of the G-invariant disc we have g(U) ∩ U = ∅, g ∈ G, except for a finite
number of elements in G.

July 29, 2005 (15:09)
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A Fuchsian group Γ has a presentation with generators

x1, . . . , xr, a1, b1, . . . , ag, bg, p1, . . . , ps, h1, . . . , ht

and relations

xm1
1 = . . . = xmr

r =

r∏

i=1

xi

g∏

j=1

[aj , bj ]

s∏

i=1

pk

t∏

l=1

hl = 1

The generators of the Fuchsian group are of 4 kinds

1. xi are the elliptic elements.

2. aj , bj are the hyperbolic elements.

3. pk are the parabolic elements.

4. hl are the hyperbolic boundary elements.

The signature of such a Fuchsian group is defined to be

s(Γ) = (g; [m1, . . . ,mr], s, t) (1.1)

where mi ≥ 2 are integers and are called the periods of Γ.
We are only interested in compact Riemann surfaces and from now on
the Fuchsian groups will not contain parabolic or hyperbolic boundary
elements. The elliptic elements in a Fuchsian group will be rotations with
angle 2π/n, with n ∈ Q. Any elliptic element in Γ is conjugate to a power
of xi for i = 1, . . . , r.
A Fuchsian group Γ containing only hyperbolic elements will be called a
Fuchsian surface group. Its signature is s(Γ) = (g; [−])

Definition 1.3.2. A domain D of the hyperbolic plane is a fundamental
domain for a Fuchsian group Γ if and only if

1. given z ∈ H there exists g ∈ Γ such that g(z) ∈ D.

2. if there exist z ∈ D and 1d 6= g ∈ Γ such that g(z) is also in D, then
z, g(z) ∈ ∂D.

3. The hyperbolic area of ∂D is 0, (µ(∂D) = 0).

If a Fuchsian group Γ is finitely generated, then one can choose a funda-
mental domain D for Γ which is homeomorphic to a disc and such that
∂D is a union of h-segments, called the sides. Moreover, there is a finite
number of points in ∂D which divide ∂D in the above segments. In this
case ∂D is called a fundamental polygon of Γ.
Two sides α, α′ ∈ ∂D are congruent if there exists g ∈ Γ such that α =
D∩g(D), α′ = D∩g−1(D) and α = g(α′). If g is an involution notice that
α and α′ lie on the same h-line.
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If D ∩ g(D) 6= ∅ for some g ∈ Γ and D ∩ g(D) is not a common side, then
D ∩ g(D) consists of a finite number of vertices.
From the above we get that conjugated vertices in D correspond to a conic
point in H/Γ.
Now, the generators of the Fuchsian group Γ pair the congruent sides of a
fundamental polygon for Γ. The configuration of one such polygon (called
a labeled polygon) is for the above presentation as follows:

γ1γ
′
1 . . . γrγ

′
rα1β1α

′
1β

′
1 . . . αgβgα

′
gβ

′
g

So the generator xi pairs the sides γi and γ′i, ai pairs the sides αi and α′
i

and bi pairs the sides βi and β′
i.

The vertex formed by γi and γ′i has angle 2π/mi.
Let Γ be a Fuchsian group and let D be a fundamental domain for Γ. A
Γ-tessellation of H is the configuration of H formed by D and its images
under Γ.

The hyperbolic area for a Fuchsian group with signature (1.1) is the area
of any of its fundamental domains, it equals:

µ(Γ) = 2π
(
2g − 2 +

r∑

i=1

(
1 −

1

mi

))
. (1.2)

A fundamental domain D with the above identifications on its boundary
has the structure of a compact Riemann surface.
Given a fundamental polygon ∂D satisfying the above conditions such that
µ(D) > 0, then there exists a Fuchsian group Γ with signature (1.1) having
D has a fundamental domain.
Let Γ1 be a subgroup of Γ of finite index N, then Γ =

⋃N

1
gi(Γ1), where

{gi} is a transversal of Γ1 in Γ. Then, if D is a fundamental domain for Γ,

we get that F1 =
⋃N

1
gi(F ) is a fundamental domain for Γ1. That is, the

monomorphism i : Γ1 → Γ determines, via the transitive representation
θ : Γ → ΣN , the covering f : H/Γ1 → H/Γ. The map θ is called the
monodromy of the covering f and θ(Γ) is called the monodromy group of
the covering.
Now we get the Riemann-Hurwitz formula:

[Γ : Γ1] = N =
µ(Γ1)

µ(Γ)
. (1.3)

By the above one can prove:

Theorem 1.3.1. ([21]) Let Γ have signature ( 1.1). Then Γ contains a
subgroup Γ1 of index N with signature

(g′; [n11, n12, . . . , n1ρ1 , . . . , nr1, . . . , nrρr
]; s′, t′)

if and only if
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(a) There exists a finite permutation group G, transitive on N points,
and an epimorphism θ : Γ → G satisfying the following relations:

(i) The permutation θ(xj) has precisely ρj cycles of lengths less than
mj, the lengths of these cycles being mj/nj1, . . . ,mj/njρj

.

(ii) If we denote the number of cycles in the permutation θ(γ) by
δ(γ) then

s′ =

s∑

k=1

δ(pk) =

t∑

l=1

δ(hl).

(b) µ(Γ1)/µ(Γ) = N .

Automorphism groups of Riemann surfaces

Definition 1.3.3. A conformal homeomorphism f : X → X is called an
automorphism of X .

The set of automorphisms of X form a group under composition and we
denote this group by Aut(X). For the three simply connected Riemann sur-
faces given in the uniformization theorem (1.2.3) the automorphism groups
are

Theorem 1.3.2. [11]

1. Aut(Ĉ) = PSL(2,C).

2. Aut(C) = {z 7→ az + b|a, b ∈ C, a 6= 0}.

3. Aut(∆) = PSL(2,R).

In each of these three cases the group consists of Möbius transformations.
The group of automorphisms is not necessarily finite. However, for compact
Riemann surfaces of genus g ≥ 2 this is always the case.
Any Riemann surface is conformally equivalent to a Riemann surfaces uni-
formized by a Fuchsian surface group.
Given a Riemann surface X represented as the quotient space H/Γ, with
Γ a Fuchsian surface group, a finite group G is a group of automorphisms
of X if and only if there exists a Fuchsian group ∆ and an epimorphism
θ : ∆ → G with ker(θ) = Γ. The Fuchsian group ∆ is the lifting of G to
the universal covering p : H → H/Γ and is called the universal covering
transformation group of (X,G). Notice that H/∆ = X/G. The covering
f : X → H/∆ is a regular covering with monodromy group G = ∆/Γ.
In our case we have the epimorphism θ : ∆ → G and we are interested in
finding the structure of θ−1(G1) = Λ, with G1 ≤ G. But Λ is determined
by the action of ∆ on the Λ-cosets (ρ : ∆ → Σ|∆:Λ|), which is the same as
the action of G = θ(∆) on the G1-cosets. Topologically θ and ρ are the
monodromy maps of the coverings f : X → X/G and f1 : X/G1 → X/G.
The structures of Λ and X/G1 are determined by theorem 1.3.1.
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Example 1.3.1. To see how the theory works, let ∆ be a Fuchsian group
with signature s(∆) = (0; [3, 4, 6]), then ∆ has a presentation as follows:

∆ = 〈x1, x2, x3|x
3
1 = x4

2 = x6
3 = x1x2x3 = 1〉.

Let 〈2, 3, 3〉 be the group of order 24 with presentation 〈2, 3, 3〉 = 〈s, t, a|s4 =
t4 = (st)4 = a3 = 1, s2 = t2, a2sa = t, a2ta = st〉.
Now consider the epimorphism

θ : ∆ → 〈2, 3, 3〉,

defined by θ(x1) = sa, θ(x2) = s and θ(x3) = a2t,
Let G1 = 〈a〉 be a subgroup of order 3 in 〈2, 3, 3〉 and Λ = θ−1(〈a〉).
The eight 〈a〉-cosets have representatives

1, s, t, st, s2, s3, t3, ts,

and we label the cosets 1, 2, . . . , 8 in this order.
The action of θ(x1) = sa, on the 〈a〉-cosets has the cycle structure

(1, 2, 7)(3, 5, 6)(4)(8).

The action of θ(x2) = s, on the 〈a〉-cosets has the cycle structure

(1, 2, 5, 6)(3, 4, 7, 8).

The action of θ(x3) = s2a on the 〈a〉-cosets has the cycle structure

(1, 4, 3, 5, 8, 7)(2, 6).

We get conical points (points whose angle sum does not add upp to 2π)
with angles

3 · 2π/3, 3 · 2π/3, 2π/3, 2π/3

for the action of θ(x1),

4 · 2π/4, 4 · 2π/4

for the action of θ(x2) and

2 · 2π/6 = 2π/3, 6 · 2π/6

for the action of θ(x3).
Thus, the subgroup Λ has three conical points of order 3 and the Riemann-
Hurwitz formula gives 8(−2 + 2

3
+ 3

4
+ 5

6
) = (−2 + 2g + 3 · 2

3
)

and so the genus g, of H/Λ, is g = 1. Hence, the signature of Λ is s(Λ) =
(1; [3, 3, 3]).

Theorem 1.3.3. [11] Let X be a compact Riemann surface of genus g ≥ 2.
Then |Aut(X)| ≤ 84(g − 1).
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The finiteness was first proved by Schwartz in 1878 and the bound given
above was proved by Hurwitz in 1893. The Riemann surfaces with auto-
morphism groups of order 84(g − 1) are called Hurwitz surfaces and their
automorphism groups are called Hurwitz groups. Hurwitz surfaces are
interesting since they are the surfaces admitting the maximal number of
automorphisms.

Theorem 1.3.4. ([11]) A finite group H is a Hurwitz group if and only if
H is non-trivial and has two generators x and y satisfying the relations

x2 = y3 = (xy)7 = 1.

It is a well-known fact that no Riemann surface of genus 2 admits an
automorphism of order 7 ([2]). Therefore there are no Hurwitz surfaces of
genus 2, neither Hurwitz groups of order 84. There is a unique Hurwitz
surface of genus 3: the Klein quartic, its automorphism group is PSL(2, 7).

1.4 Trigonal Riemann surfaces

Let Xg be a compact Riemann surface of genus g ≥ 2. The surface Xg can
be represented as a quotient Xg = H/Γ of the hyperbolic plane under the
action of a Fuchsian group Γ with no elliptic elements.

Definition 1.4.1. A Riemann surface X is called trigonal if it admits a
three sheeted covering f : X → Ĉ of the Riemann sphere. If f is a cyclic
regular covering, then X is called a cyclic trigonal Riemann surface. A
non-cyclic trigonal Riemann surface is said to be generic trigonal. The
covering f is called cyclic respectively generic trigonal morphism.

If X is a cyclic trigonal Riemann surface then there exists an automorphism
of order 3 ϕ : X → X such that X/〈ϕ〉 is the sphere (with conical points).
In general a Riemann surface X is called cyclic p-gonal (p prime) if X
admits an automorphism ϕ : X → X of order p such that X/〈ϕ〉 lies on
the sphere.
The most well known p-gonal surfaces are for p = 2, the so called hyperel-
liptic surfaces. Cyclic p-gonal surfaces have equations of the type yp = c(x).
The only cyclic 7-gonal Riemann surface of genus 3 is Klein’s quartic with
equation y7 = x(x2 + 1). Klein’s quartic is a surface of genus 3 with full
group of automorphisms Aut(KQ) = PSL(2, 7), which is simple, so the
7-gonal morphisms are non-normal in PSL(2, 7).
Trigonal surfaces have been well studied by Accola ([1],[2]) and also by
Costa and Izquierdo ([5], [6]). Accola showed in [1] that if the trigonal
Riemann surfaceX has genus g ≥ 5 the trigonal morphism is unique. Costa
and Izquiredo showed in [5] that there are no trigonal Riemann surfaces of
genus 3 with non-normal trigonal morphisms. The question is if there are
trigonal Riemann surfaces of genus 4 with non-normal trigonal morphisms.
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The connection between trigonal Riemann surfaces and Fuchsian groups is
given by the following theorem

Theorem 1.4.1. ([6]) Let X be a Riemann surface. Then X admits a
cyclic trigonal morphism if and only if there is a Fuchsian group ∆ with
signature (0; [3, 3, . . . , 3]) and an index three normal surface subgroup Γ of
∆, such that Γ uniformizes X.

There is a useful result from González ([9]) that we will use later.

Theorem 1.4.2. If the automorphism group Aut(X) of a Riemann surface
X contains automorphisms τ1, τ2 of the same prime order and such that
the quotient surfaces X/〈τi〉, (i = 1, 2), are isomorphic to Ĉ; then τ1 and
τ2 are conjugate in Aut(X).

1.5 Teichmüller spaces

In this section we will define the Teichmüller space and the Moduli space.
The use of these two space is to classify the geometry and the conformal
structure of Riemann surfaces.
In fact, the Teichmüller space of a Fuchsian group classifies the geometries
of a surface of genus g, and the Moduli space of a Fuchsian group classifies
the conformal structures of a surface of genus g.

Definition 1.5.1. Let X be a Riemann surface of genus g and Aut(X)
its automorphism group and let G be a finite group. We say that G acts
topologically on X if there exists a monomorphism r : G→ Aut(X).

If r′ : G → X̃ is a topological action on another Riemann surface, then
we say that r and r′ are topologically equivalent actions if there exists an
ω ∈ Aut(G) and a homeomorphism h : X → X̃ such that

r′(g) = hr(ω(g))h−1 for all g ∈ G

Let Γ be a Fuchsian group with signature (g; [m1, . . . ,mr]) and Ω = Aut(H).
We then define the Weil space as:

Definition 1.5.2. The Weil space of Γ with respect to Ω is the set

R(Γ) = { monomorphisms r : Γ → Ω : r(Γ) is a Fuchsian group}.

The Teichmüller space of Γ is then defined to be:

Definition 1.5.3. The Teichmüller space of Γ is the orbit space

T (Γ) = R(Γ)/Aut(Ω)

of R(Γ) under the action of Aut(Ω), endowed with the quotient topology.
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The main properties of the Teichmüller space are given by the following
(see [18])

Theorem 1.5.1. 1. The topology of T (Γ) can be derived from the Te-
ichmüller metric, and T (Γ) is a complete metric space of finite di-
mension d(Γ).

2. If Γ is a Fuchsian group with signature s(Γ) = (g; [m1, . . . ,mr]) then
T (Γ) is a cell of (complex) dimension d(Γ) = 3g − 3 + r. This was
proved by Fricke and Klein [8]

3. Given two Fuchsian groups Γ and Γ′ and a group monomorphism
α : Γ → Γ′ the induced map

T (α) : T (Γ) → T (Γ′) : [r] 7→ [rα],

is an isometric embedding [10].

We have seen that given r ∈ R(Γ) and β ∈ Aut(Ω) then rβ ∈ R(Γ). Also,
if α ∈ Aut(Ω) and s = αr, then sβ = a(rβ) so there is an action

Aut(Γ) × T (Γ) → T (Γ) : (β, [r]) 7→ [rβ].

Definition 1.5.4. (Moduli space and modular group) The modular group
Mod(Γ) of Γ is the quotient Mod(Γ) = Aut(Γ)/Inn(Γ), where Inn(Γ) is
the normal subgroup of Aut(Γ) consisting of all inner automorphisms of Γ.
The moduli space of Γ is the quotient M(Γ) = T (Γ)/Mod(Γ) endowed with
the quotient topology.

The main properties of the modular group are:

1. The map Mod(Γ) × T (Γ) → T (Γ) given by ([β], [r]) 7→ [rβ] defines
an action and M(Γ) = T (Γ)/Mod(Γ).

2. Mod(Γ) acts as a group of isometries on T (Γ).

3. If s(Γ) = (g; [−]) then the elements of any subgroup of Mod(Γ) have
a common fixed point.

4. Mod(Γ) acts as a discontinuous group of transformations of T (Γ).

5. The action of Mod(Γ) on T (Γ) is not necessarily faithful, that is the
the group homomorphism

Mod(Γ) → Isom(T (Γ)) : [β] → T (β)

is not necessarily injective.

Definition 1.5.5. A Fuchsian group Γ such that there does not exist any
other Fuchsian group containing it with finite index is called a finite max-
imal Fuchsian group.
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An important consequence was proved by Greenberg:

Theorem 1.5.2. (See [10], [15]) The following conditions are equivalent:

1. Mod(Γ) fails to act faithfully on T (Γ).

2. There exists a Fuchsian group Γ′ and a group monomorphism α :
Γ → Γ′ such that d(Γ) = d(Γ′) and α(Γ) is a normal subgroup of Γ′.

The full list such of pairs (s(Γ), s(Γ′)) of signatures of Fuchsian groups such
was obtained by Singerman in [22].

s(Γ) s(Γ′) [Γ′ : α(Γ)]
(2; [−]) (0; [2, 2, 2, 2, 2, 2]) 2
(1; [t, t]) (0; [2, 2, 2, 2, t]) 2
(1; [t]) (0; [2, 2, 2, 2t]) 2

(0; [t, t, u, u]) (0; [2, 2, t, u]) 2
(0; [t, t, u]) (0; [2, t, 2u]) 2
(0; [t, t, t, t]) (0; [2, 2, 2, t]) 4
(0; [t, t, t]) (0; [3, 3, t]) 3
(0; [t, t, t]) (0; [2, 3, 2t]) 6

Normal pairs of Fuchsian groups

To decide whether a given finite group can be the full group of automor-
phism of some compact Riemann surface we will need all pairs of signatures
s(Γ) and s(Γ′) for some Fuchsian groups Γ and Γ′ such that Γ ≤ Γ′ and
d(Γ) = d(Γ′). The full list in the non-normal case was also obtained by
Singerman in [22].

s(Γ) s(Γ′) [Γ′ : α(Γ)]
(0; [7, 7, 7]) (0; [2, 3, 7]) 24
(0; [2, 7, 7]) (0; [2, 3, 7]) 9
(0; [3, 3, 7]) (0; [2, 3, 7]) 8
(0; [4, 8, 8]) (0; [2, 3, 8]) 12
(0; [3, 8, 8]) (0; [2, 3, 8]) 10
(0; [9, 9, 9]) (0; [2, 3, 9]) 12
(0; [4, 4, 5]) (0; [2, 4, 5]) 6

(0; [n, 4n, 4n]) (0; [2, 3, 4n]) 6
(0; [n, 2n, 2n]) (0; [2, 4, 2n]) 4
(0; [n, 3, 3n]) (0; [2, 3, 3n]) 4
(0; [n, 2, 2n]) (0; [2, 3, 2n]) 3
Non-normal pairs of Fuchsian signatures
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Chapter 2

Trigonal Riemann

surfaces of genus 4

First of all we begin with finding the possible signatures of the Fuchsian
groups unifomizing the quotient surfaceX4/G, whereX4 is a cyclic trigonal
Riemann surface and G = Aut(X4). These signatures will be given in
lemma 2.1.1.
Only the maximal signatures will give the full automorphism groups of the
Riemann surfaces. These will be given in lemma 2.1.2.
After having obtained the signatures, the next thing is to identify the pos-
sible automorphism groups of each order (the order being a multiple of 3).
This is done by finding an epimorphism from the Fuchsian group having
one of the maximal signatures onto a group of the respective order.
Once we can find an epimorphism, we have to see how the image of each
generator under the epimorphism acts on the cosets of subgroups of order
3 in the automorphism group.
The action of the images of the generators will give us the signature of
Λ = θ−1(〈τ〉). It Λ uniformizes the Riemann sphere with exactly 6 conical
points we know by theorem 1.4.1 that the surface obtained is a trigonal
surface.
The method is skissed in the following diagram

θ : ∆ −→ G

6 6

3:1

Λ −→ 〈τ〉

6 6
Γ −→ 1d,

where the trigonal Riemann surface is uniformized by Γ = ker(θ), and the
signature of Λ = θ−1(〈τ〉) is (0; [3, 3, 3, 3, 3, 3]).
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2.1 Developing the signatures

Lemma 2.1.1. Let X4 be a cyclic trigonal Riemann surface, admitting a
trigonal morphism onto the sphere, f : X4 → Ĉ with 6 conical points. Then
the Fuchsian group ∆ uniformizing the surface X/G can have one of the
following signatures:

Signatures
Order Signature Order Signature

3 (0; [3, 3, 3, 3, 3, 3]) 27 (0; [3, 3, 9])∗

6 (0; [3, 3, 6, 6])∗ 30 (0; [2, 5, 10])∗

(0; [2, 6, 6, 6]) 36 (0; [3, 4, 4])∗

(0; [2, 2, 3, 3, 3]) (0; [3, 3, 6])∗

(0; [2, 2, 2, 3, 6]) (0, [2, 6, 6])∗

(0; [2, 2, 2, 2, 2, 2]) (0; [2, 4, 12])
9 (0; [9, 9, 9])∗ (0; [2, 2, 2, 3])

(0; [3, 3, 3, 3])∗ 42 (0; [2, 3, 42])
12 (0; [6, 6, 6])∗ 45 (0; [3, 3, 5])∗

(0; [4, 6, 12]) 48 (0; [2, 4, 8])∗

(0; [3, 12, 12])∗ (0; [2, 3, 24])
(0; [2, 3, 3, 3]) 54 (0; [2, 3, 18])
(0; [2, 2, 4, 4])∗ 60 (0; [2, 5, 5])∗

(0; [2, 2, 3, 6]) (0; [2, 3, 15])
(0; [2, 2, 2, 2, 2]) 72 (0; [3, 3, 4])∗

15 (0; [5, 5, 5])∗ (0; [2, 4, 6])
(0; [3, 5, 15])∗ (0; [2, 3, 12])

18 (0; [3, 6, 6])∗ 90 (0; [2, 3, 10])
(0; [2, 9, 18])∗ 108 (0; [2, 3, 9])
(0; [2, 2, 3, 3])∗ 120 (0; [2, 4, 5])
(0; [2, 2, 2, 6]) 144 (0; [2, 3, 8])

21 (0; [3, 3, 21])∗ 252 (0; [2, 3, 7])
24 (0; [4, 4, 4])∗

(0; [3, 4, 6])
(0; [3, 3, 12])∗

(0; [2, 8, 8])∗

(0; [2, 6, 12])∗

(0; [2, 2, 2, 4])
∗Non-maximal group

Proof. Since X4 is a trigonal Riemann surface uniformized by a Fuchsian
group Γ, it will admit the cyclic trigonal morphism if and only if

- there is a maximal Fuchsian group ∆ with signature (0; [m1, . . . ,mr]).

- there is a finite group G = Aut(X4) such that 〈ϕ〉 ≤ G.

- there is an epimorphism θ : ∆ → G with Ker(θ) such that Λ =
θ−1(〈ϕ〉) is a Fuchsian group with signature (0; [3, 3, 3, 3, 3, 3]).
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X4
∼= H/Γ

X4/G ∼= H/∆

H/Λ = X4/〈ϕ〉
s(Λ) = (0; [3, 3, 3, 3, 3, 3])

Q
Q

Q
Q

Qs

�
�

�	?

Let θ : ∆ → G be such an epimorphism, then s(∆) = (0; [m1, . . . ,mr])
where the mi runs over the divisors of |G|. Now applying the Riemann-
Hurwitz formula (1.2) we get

µ(Λ)

µ(∆)
= [∆ : Λ] =

|G|

|〈ϕ〉|
=

|G|

3
(2.1)

and so we get
3µ(Λ) = |G|µ(∆). (2.2)

Now using the formula for calculating the hyperbolic area for the funda-
mental region of a Fuchsian group we get

3(−2 +

6∑

i=1

(1 −
1

3
)) = |G|(−2 +

r∑

i=1

(1 −
1

mi

)). (2.3)

That is

6 = |G|(−2 +

r∑

i=1

(1 −
1

mi

)). (2.4)

To find the signatures it is sufficient to solve the integer equations that
arises from equation (2.4). Let x1, . . . , xr be the multiple of each divisor
then we can write (2.4) as

6 = |G|(−2 +
r∑

i=1

xi(1 −
1

mi

)). (2.5)

The different solutions to (2.5) are given in the statement of the theorem.

By comparison with Singerman’s list of maximal Fuchsian groups [22] we
get the following list of maximal Fuchsian groups:

Lemma 2.1.2. Let X4 be a cyclic trigonal Riemann surface, admitting
a trigonal morphism onto the sphere, f : X4 → Ĉ with 6 conical points.
Then the maximal Fuchsian group ∆ uniformizing the surface X/G can
have one of the following signatures:
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Signatures
Order Signature Order Signature

3 (0; [3, 3, 3, 3, 3, 3]) 36 (0; [2, 4, 12])
6 (0; [2, 6, 6, 6]) (0; [2, 2, 2, 3])

(0; [2, 2, 3, 3, 3]) 42 (0; [2, 3, 42])
(0; [2, 2, 2, 3, 6]) 48 (0; [2, 3, 24])
(0; [2, 2, 2, 2, 2, 2]) 54 (0; [2, 3, 18])

12 (0; [4, 6, 12]) 60 (0; [2, 3, 15])
(0; [2, 3, 3, 3]) 72 (0; [2, 4, 6])
(0; [2, 2, 3, 6]) (0; [2, 3, 12])
(0; [2, 2, 2, 2, 2]) 90 (0; [2, 3, 10])

18 (0; [2, 2, 2, 6]) 108 (0; [2, 3, 9])
24 (0; [3, 4, 6]) 120 (0; [2, 4, 5])

(0; [2, 2, 2, 4]) 144 (0; [2, 3, 8])
252 (0; [2, 3, 7])

These maximal signatures will give us the full automorphism groups of the
Riemann surfaces. Hence, while calculating the epimorphisms the impor-
tant ones will be the ones from maximal Fuchsian groups, i.e. the ones
from the above list.

2.2 Automorphism groups

We will now calculate suitable epimorphisms ∆ → G for groups G of order
a multiple of 3.
Let τ be an element of order 3 in G. The surface H/ker(θ) is trigonal if
and only if s(Λ) = s(θ−1(〈τ〉) = (0; [3, 3, 3, 3, 3, 3]).

Proposition 2.2.1. There are cyclic trigonal Riemann surfaces of genus
4. They form a subspace M3

4 of dimension 3 of the moduli space M4 of
surfaces of genus 4.

Proof. By lemma 2.1.1 there is only one signature

s(∆) = (0; [3, 3, 3, 3, 3, 3])

and there is a possible epimorphism to C3 by sending x2i+1 7→ t and
x2i 7→ t−1. In this case each xi acts on the only coset (C3) so there
are 6 conical points of order 3 and the surface given by the signature
s(θ−1〈τ〉) = (0; [3, 3, 3, 3, 3, 3]) is trigonal and the trigonal morphism is
unique.
Using the dimension formula from theorem 1.5.1 for Teichmüller spaces we
get that the dimension is d(∆) = g − 3 + r = 0 − 3 + 6 = 3.
By González’s result [9] the space M3

4 has two disconnected components.
One with the stabilizers of all the conical points rotating in the same direc-
tion and the other with half the stabilizers rotating in each direction.
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Proposition 2.2.2. The subspace of M3
4 formed by trigonal Riemann sur-

faces with automorphism groups of order 6, has dimension 2. The auto-
morphism group of the trigonal Riemann surface is either C6 or D3.

Proof. Lemma 2.1.1 gives the following 5 signatures

s(∆1) = (0; [3, 3, 6, 6]),∆1
2

→֒∆(0; [2, 2, 3, 6])
s(∆2) = (0; [2, 6, 6, 6])
s(∆3) = (0; [2, 2, 3, 3, 3])
s(∆4) = (0; [2, 2, 2, 3, 6])
s(∆5) = (0; [2, 2, 2, 2, 2, 2])

and G ∼= C6 = 〈u|u6 = 1〉 or G ∼= D3 = 〈s, t|s2 = t3 = (st)2〉. C6 and D3

contain a unique subgroup of order 3 (hence they are normal), and they
are generated by the elements u±2 in C6 and t±1 in D3.

∆2: Again, there is no epimorphism from ∆2 to D3 since there are no
elements of order 6 in D3.

For ∆(0; [2, 6, 6, 6]) → C6 there is a possible epimorphism since the
elements of order 2 are u3. u3 having order 2 can not give any conical
points, but again the elements of order 6 give 1 conical point of order
3 each. The Riemann-Hurwitz formula gives 2(−2+ 1

2
+3 · 5

6
) = (−2+

2g+3· 2
3
) and so g = 1. Thus, the signature is s(θ−1〈τ〉) = (1; [3, 3, 3])

and the surface H/ker(θ) is not trigonal.

∆3: For ∆(0; [2, 2, 3, 3, 3]) → D3 it is possible to choose several ways of
doing the epimorphism, but the action of each one of them is equiva-
lent. The elements of order 2 give no conical points, but the elements
of order 3 give 2 conical points each so there are 6 conical points.
Thus, the signature is s(θ−1〈τ〉) = (0; [3, 3, 3, 3, 3, 3]) and the surface
H/ker(θ) is trigonal and the trigonal morphism is unique.

For ∆(0; [2, 2, 3, 3, 3]) → C6 there is a possible epimorphism and the
3 elements of order 3 give 6 conical points of order 3. Thus, the
signature is s(θ−1〈τ〉) = (0; [3, 3, 3, 3, 3, 3]), the surfaces H/ker(θ) are
trigonal and the trigonal morphisms are unique.

∆4: There is no epimorphism from ∆4 to D3 since there are no elements
of order 6 in D3.

For ∆(0; [2, 2, 2, 3, 6]) → C6 there is a possible epimorphism and the
only elements giving conical points are the elements of order 3 and 6.
Hence there are 3 conical points of order 3 and the Riemann-Hurwitz
formula gives 2(−2+ 1

2
+3 · 5

6
) = (−2+2g+3 · 2

3
) and so g = 1. Thus,

the signature is s(θ−1〈τ〉) = (1; [3, 3, 3]) and the surface H/ker(θ) is
not trigonal.

∆5: There is no epimorphism from ∆5 to C6 since the elements of order
2 can not generate C6.
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For θ : ∆5 → D3 it is possible to find an epimorphism but the action
of each xi on the cosets will only permute the two of them so there
will be no conical points. Hence, the signature is s(θ−1(〈τ〉) = (2; [−])
and the surface H/ker(θ) is not trigonal.

Summing up, the only Fuchsian group that will give trigonal Riemann
surfaces with automorphism groups of order 6 is the group with signatures
(0; [2, 2, 3, 3]). The automorphism group is either C6 or D3.

Moreover, by the dimension formula (thm 1.5.1) the dimension of the sub-
space in M3

4 that these Riemann surfaces form is 2.

Proposition 2.2.3. The subspace of M3
4 formed by cyclic trigonal Rie-

mann surfaces with automorphism groups of order 12 has dimension 1.
The automorphism group of the trigonal Riemann surface is either C6×C2

or D6.

Proof. Lemma 2.1.1 gives the following 6 signatures:

s(∆1) = (0; [6, 6, 6]),∆1
2

→֒∆(0; [2, 6, 12]) 3

→֒∆(0; [2, 3, 12])
s(∆2) = (0; [4, 6, 12])

s(∆3) = (0; [3, 12, 12]),∆3
2

→֒∆(0; [2, 6, 12]) 3

→֒∆(0; [2, 3, 12])
s(∆4) = (0; [2, 3, 3, 3])

s(∆5) = (0; [2, 2, 4, 4]),∆5
2

→֒∆(0; [2, 2, 2, 4])
s(∆6) = (0; [2, 2, 3, 6])
s(∆7) = (0; [2, 2, 2, 2, 2])

and there are 5 groups of order 12 namely

1. C12 = 〈u|u12〉
2. C6 × C2 = 〈s, t|s6 = t3 = [s, t] = 1〉
3. D6 = 〈s, t|s6 = t2 = (st)2 = 1〉
4. A4 = 〈s, t|s3 = t3 = (st)2 = 1〉
5. T = 〈s, t|t3 = s4 = 1, s3ts = t2〉

∆2: 1) ∆(0; [4, 6, 12]) → C12; The elements of order 4 in C12 are u±3,
the elements of order 6 are u±2 and the elements of order 12 are
u±1 and u±5. There is a possible epimorphism but the elements
of order 4 give no conical points, the elements of order 6 give
2 conical points and the elements of order 12 can only give one
conical point of order 3 when acting in the 〈u4〉-cosets. The
Riemann-Hurwitz formula gives 4(−2+ 3

4
+ 5

6
+ 11

12
) = −2+2g+3·2

3

so g = 1. Thus, the signature is s(θ−1〈τ〉) = (1; [3, 3, 3]) and the
surface H/ker(θ) is not trigonal.

2,3,4,5) There are no elements of order 12 in any of C6 × C2, D6, A4 or
T . Hence there can not be any epimorphism.
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∆4: 1) ∆(0; [2, 3, 3, 3]) → C12; The elements of order 3 are u±4. The
product of 3 elements of order 3 is either u4 or the identity, hence
there can not be any epimorphism θ : ∆4 → C12.

2) ∆(0; [2, 3, 3, 3]) → C6 × C2; The elements of order 2 in C6 × C2

are t, s3 or ts3 and the elements of order 3 are s±2. The product
of 3 elements of order 3 is either s±2 or the identity. The total
product of them can never be the identity. Hence there can not
be any epimorphism θ : ∆4 → C6 × C2.

3) ∆(0; [2, 3, 3, 3]) → D6; The elements of order 3 are s±2. The
product of 3 elements of order 3 is again either s±2 or the identity
so there can not be any epimorphism θ : ∆4 → D6.

4) ∆(0; [2, 3, 3, 3]) → A4; There exists an epimorphism in this case.
There is one conjugacy class of elements of order 3 with represen-
tant s . The action of each element of order 2 on the 〈s〉-cosets
gives no conical point. The action of each element of order 3
on the 〈s〉-cosets gives only one conical point of order 3 so the
epimorphism θ : ∆4 → A4 does not give a trigonal morphism
and the surface H/ker(θ) is not trigonal.

5) ∆(0; [2, 3, 3, 3]) → T ; The element of order 2 in C3 ⋊C4 is s2 and
the elements of order 3 are t±1 so the total product is either s2

or s2t±1 and so there can not be any epimorphism θ : ∆4 → T .

∆6: 1) ∆(0; [2, 2, 3, 6]) → C12; The product of the first 2 elements is
the identity and the product of an element of order 3 and an
element of order 6 can never be the identity. Hence there can
not be any epimorphism θ : ∆6 → C12.

2) ∆(0; [2, 2, 3, 6]) → C6×C2; There are epimorphisms in this case,
for example:

x1 7→ s3t
x2 7→ t
x3 7→ s2

x4 7→ s




θ(x1x2x3x4) = 1d

The elements of order 2 do not give any conical points. Any ele-
ment of order 3 gives 2 conical points of order 3 and an element
of order 6 gives 4 conical point. In total there are 6 conical
points of order 3 and the signature of Λ is (0; [3, 3, 3, 3, 3, 3]).
The surface H/ker(θ) is trigonal and the trigonal morphism is
normal.

3) ∆(0; [2, 2, 3, 6]) → D6; It is easy to check that there are epi-
morphisms in this case (for example θ(x1) = st, θ(x2) = t,
θ(x3) = s4 and θ(x4) = s). The subgroup generated by s2

is normal in D6. The elements of order 2 will give no con-
ical points, an element of order 3 gives 4 conical points and
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an element of order 6 gives 2 conical points of order 3. Hence,
s(θ−1(〈s2〉) = (0; [3, 3, 3, 3, 3, 3]) and the surface H/ker(θ) is trig-
onal with normal trigonal morphism.

4) There are no elements of order 6 in A4 so there can not be any
epimorphism θ : ∆6 → A4.

5) ∆(0; [2, 2, 3, 6]) → T ; The element of order 2 is s2, the elements
of order 3 are t±1 and the elements of order 6 are ts2, t2s2.
θ(x1x2x3) = t±1 so there can not be any epimorphism θ : ∆6 →
T .

∆7: Because all the orders of the generators in (0; [2, 2, 2, 2, 2]) are co-
prime to 3, the signature (0; [2, 2, 2, 2, 2]) can not give any trigonal
morphism.

Summing up we have: The only Fuchsian group that will give trigonal
Riemann surfaces with automorphism groups of order 12 is the group with
signature (0; [2, 2, 3, 6]). The automorphism group is either C6 ×C2 or D6.
By the dimension formula (thm 1.5.1) the dimension of the subspace of M3

4

that they form has dimension 1.

Proposition 2.2.4. There is no Riemann surface of genus 4 with auto-
morphism group of order 18.

Proof. For |G| = 18, lemma 2.1.1 gives the following 4 signatures:

s(∆1) = (0; [3, 6, 6]),∆1
4

→֒∆(0; [2, 4, 6])

s(∆2) = (0; [2, 9, 18]),∆2
3

→֒∆(0; [2, 3, 18])

s(∆3) = (0; [2, 2, 3, 3]),∆3
2

→֒∆(0; [2, 2, 2, 3])
s(∆4) = (0; [2, 2, 2, 6])

There are 5 groups of order 18 namely

1. C18 = 〈u|u18 = 1〉
2. C3 × C6 = 〈s, t|s3 = t6 = [s, t] = 1〉
3. C3 ×D3 = 〈s, t|s3 = t6 = 1, t5st = s2〉
4. D9 = 〈s, t|s2 = t9 = (st)2 = 1〉
5. 〈3, 3, 3, 2〉 = 〈a, b, t|a3 = b3 = t2 = [a, b] = 1, tat = a−1, tbt = b−1〉

∆1: 1) ∆(0; [3, 6, 6]) → C18; The elements of order 3 and 6 in C18 all
are powers of u3, hence there can not be any epimorphism.

2) ∆(0; [3, 6, 6]) → C3 × C6; There are 4 classes of subgroups of
order 3, namely, 〈s〉, 〈t2〉, 〈st2〉 and 〈st4〉.

The choices for the epimorphisms are:

θ






x1 7→ s±1, t±2, (st2)±1, (st4)±1

x2 7→ t±1, s±1t±3, s±1t±1

x3 7→ t±1, s±1t±3, s±1t±1

.
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Thus, there are several choices one can make. For example

θ






x1 7→ s
x2 7→ st
x3 7→ st5

.

However, the elements of order 6 t±1, s±1t±3, s±1t±1 will all be-
come elements of order 3 when they are squared. Hence the
action of an element of order 6 will give three conic points of
order 3 exactly when acting on its square’s cosets. An element
of order 3 leaves six conic points of order 3 exactly when acting
on its own cosets.

So each epimorphism will give one normal trigonal morphism,
two automorphisms of order 3 with quotient surface of genus 1
and one automorphism of order 3 with quotient surface of genus
2.

3) ∆(0; [3, 6, 6]) → C3 × D3; In this case there are 2 types of epi-
morphisms:

θ1






x1 7→ s
x2 7→ t
x3 7→ st−1

and

θ2





x1 7→ st2

x2 7→ s2t5

x3 7→ t5

Now, there are three conjugacy classes of subgroups of order 3
with representatives s, t2 and st2 and their cosets are given by

〈τ1 = s〉 〈τ2 = t2〉 〈τ3 = st2〉
1 {1, s, s2} {1, t2, t4} {1, st2, s2t4}
2 {t, st, s2t} {t, t3, t5} {t, st3, s2t5}
3 {t2, st2, s2t2} {s, st2, st4} {s, s2t2, t4}
4 {t3, st3, s2t3} {st, st3, st5} {st, s2t3, t5}
5 {t4, st4, s2t4} {s2, s2t2, s2t4} {s2, t2, st4}
6 {t5, st5, s2t5} {s2t, s2t3, s2t5} {s2t, t3, st5}

The action of each generator becomes:

〈τ = s〉 〈τ = t2〉 〈τ = st2〉
θ1
s  (1)(2)(3)(4)(5)(6) (1, 3, 5)(2, 6, 4) (1, 3, 5)(2, 6, 4)
t  (1, 2, 3, 4, 5, 6) (1, 2)(3, 4)(5, 6) (1, 2, 5, 6, 3, 4)
st5  (1, 6, 5, 4, 3, 2) (1, 4)(2, 5)(3, 6) (1, 6, 3, 2, 5, 4)
θ2
st2  (1, 3, 5)(2, 6, 4) (1, 3, 5)(2, 6, 4) (1)(2, 4, 6)(3)(5)
s2t5  (1, 6, 5, 4, 3, 2) (1, 6)(2, 3)(4, 5) (1, 2, 3, 4, 5, 6)
t5  (1, 6, 5, 4, 3, 2) (1, 2)(3, 4)(5, 6) (1, 4, 3, 6, 5, 2)
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Hence, θ1 gives two non-conjugated and normal trigonal mor-
phisms, and one class of automorphsims of order 3 with quotient
surface of genus 2.

θ2 gives one normal trigonal morphism, one class of automor-
phisms of order 3 with quotient surface of genus 1 and one nor-
mal automorphism of order 3 with quotient surface of genus 2.

4,5) There are no elements of order 6 in D9 and 〈3, 3, 3, 2〉.

∆3: 1) ∆(0; [2, 2, 3, 3]) → C18; The elements of order 2 and 3 in C18 all
are powers of u3, therefore, there can not be any epimorphism.

2) ∆(0; [2, 2, 3, 3]) → C3 × C6;

x1 7→ t3

x2 7→ t3

x3 7→ s±1, t±2, s±1t±2

x4 7→ s±1, t±2, s±1t±2





θ(x1x2x3x4) = 1d

For the product to become the identity, x3 and x4 need to be
mapped to elements in C3 × C6 whose product is the identity.
Hence θ(∆3) & C3 × C6 (in fact θ(∆3) = C6), and so there can
be no such epimorphism.

3) ∆(0; [2, 2, 3, 3]) → C3 ×D3;

x1 7→ sit3

x2 7→ sjt3

x3 7→ s±1, t±2, s±1t±2

x4 7→ s±1, t±2, s±1t±2





θ(x1x2x3x4) = 1d

Since sit3sjt3 = si+2j , there are 2 possible types of epimor-
phisms:

θ1






x1 7→ st3

x2 7→ s2t3

x3 7→ st2

x4 7→ t4

θ2






x1 7→ t3

x2 7→ t3

x3 7→ s2t2

x4 7→ st4

The action of these elements on the cosets is given by

〈τ = s〉 〈τ = t2〉 〈τ = st2〉
θ1
st3  (1, 4)(2, 5)(3, 6) (1, 4)(2, 5)(3, 6) (1, 2)(3, 4)(5, 6)
s2t3  (1, 4)(2, 5)(3, 6) (1, 6)(2, 3)(4, 5) (1, 4)(2, 5)(3, 6)
st2  (1, 3, 5)(2, 4, 6) (1, 3, 5)(2, 6, 4) (1)(2, 4, 6)(3)(5)
t4  (1, 5, 3)(2, 6, 4) (1)(2)(3)(4)(5)(6) (1, 3, 5)(2, 4, 6)
θ2
t3  (1, 4)(2, 5)(3, 6) (1, 2)(3, 4)(5, 6) (1, 6)(2, 3)(4, 5)
t3  (1, 4)(2, 5)(3, 6) (1, 2)(3, 4)(5, 6) (1, 2)(3, 4)(5, 6)
s2t2  (1, 3, 5)(2, 4, 6) (1, 5, 3)(2, 4, 6) (1, 3, 5)(2)(4)(6)
s2t4  (1, 5, 3)(2, 6, 4) (1, 3, 5)(2, 4, 6) (1, 5, 3)(2)(4)(6)
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Hence, θ1 gives one normal trigonal morphisms, one class of
automorphsims of order 3 with quotient surface of genus 1 and
one normal automorphism of order 3 with quotient surface of
genus 2.

θ2 gives one class of non-normal trigonal morphisms and two
normal automorphisms of order 3 with quotient surface of genus
2.

4) ∆(0; [2, 2, 3, 3]) → D9;

x1 7→ sti

x2 7→ stj

x3 7→ t±3

x4 7→ t±3






θ(x1x2x3) = stistjt±3t±3 = tj−it±3t±3 = tj−i or tj−i±3

Hence θ(x1x2x3) = 1d if j− i ≡ 0(mod 6) or j− i ≡ ±3(mod 6).

Thus, θ(∆3) & D9 (in fact θ(∆4) = D3), and so there can not
be any epimorphism.

5) ∆(0; [2, 2, 3, 3]) → 〈3, 3, 3, 2〉;

x1 7→ aibjt
x2 7→ akblt
x3 7→ ambn

x4 7→ apbq





θ(x1x2x3x4) = aibjtakbltambnapbq = ai−j+m+pbj−l+n+q = 1d

Again there are a number of solutions to this, so to investigate
the epimorphism, first note that there are 4 classes of subgroups
of order 3, namely 〈τ1 = a〉, 〈τ2 = b〉, 〈τ3 = ab〉 and 〈τ4 = a2b〉.
The cosets are given by

〈τ1 = a〉 〈τ2 = b〉 〈τ3 = ab〉 〈τ4 = a2b〉
1 {1, a, a2} {1, b, b2} {1, ab, a2b2} {1, a2b, ab2}
2 {b, ab, a2b} {a, ab, ab2} {a, a2b, b2} {a, b, a2b2}
3 {b2, ab2, a2b2} {a2, a2b, a2b2} {ab2, a2, b} {ab, b2, a2}
4 {t, at, a2t} {t, bt, b2t} {t, abt, a2b2t} {t, a2bt, ab2t}
5 {bt, abt, a2bt} {at, abt, ab2t} {at, a2bt, b2t} {at, bt, a2b2t}
6 {b2t, ab2t, a2b2t} {a2t, a2bt, a2b2t} {ab2t, a2t, bt} {abt, b2t, a2t}

The action of an element of order 2 aibjt will always give 3 cycles
of length 2 so they will not give any conical point.

The action of a±1 and (ab)±1 will give 6 cycles of length 1, that
is 6 conical points on each of 〈τ1 = a〉 and 〈τ2 = ab〉.

For all other elements akbl the action will only give cycles of
length 3 and hence no conical points.
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So any epimorphism will give two classes of non-conjugate and
normal trigonal morphisms and two classes of automorphisms of
order 3 with quotient surface of genus 2.

∆4: 1) ∆(0; [2, 2, 2, 6]) → C18; Order(θ(x1x2x3)) = 2 so there can not
be any epimorphism.

2) ∆(0; [2, 2, 2, 6]) → C3 × C6; Order(θ(x1x2x3)) = 2 so there can
not be any epimorphism.

3) ∆(0; [2, 2, 2, 6]) → C3 ×D3; Order(θ(x1x2x3)) = 2 so there can
not be any epimorphism.

4,5) There are no elements of order 6 in D9 or 〈3, 3, 3, 2〉 so there can
not be any epimorphism.

Since the only group ∆ that is maximal is the one with signature s(∆4) =
(0; [2, 2, 2, 6]) the above shows that there can not exist a Riemann surface
having an automorphism group of order 18.

The following remarks are usefull when investigating the higher cases as
these epimorphisms will extend to groups of higher order.

Remark 2.2.1. The epimorphism ∆(0; [3, 6, 6]) → C3 ×C6 gives one nor-
mal trigonal morphism, two automorphisms of order 3 with quotient surface
of genus 1 and one automorphism of order 3 with quotient surface of genus
2.

Remark 2.2.2. The epimorphisms ∆(0; [3, 6, 6]) → C3 × D3 give either
two non-conjugated and normal trigonal morphisms, and one class of au-
tomorphisms of order 3 with quotient surface of genus 2 or one normal
trigonal morphism, one class of automorphisms of order 3 with quotient
surface of genus 1 and one normal automorphism of order 3 with quotient
surface of genus 2.

Remark 2.2.3. The epimorphisms ∆(0; [2, 2, 3, 3]) → C3 ×D3 give either
one normal trigonal morphisms, one class of automorphisms of order 3 with
quotient surface of genus 1 and one normal automorphism of order 3 with
quotient surface of genus 2 or one class of non-normal trigonal morphisms
and two normal automorphisms of order 3 with quotient surface of genus
2.

Remark 2.2.4. The epimorphism ∆(0; [2, 2, 3, 3]) → 〈3, 3, 3, 2〉 gives two
classes of non-conjugate and normal trigonal morphisms and two classes
of automorphisms of order 3 with quotient surface of genus 2.

Proposition 2.2.5. There exists no trigonal Riemann surface of genus 4
with automorphism group of order 24.

Proof. For groups of order 24 lemma 2.1.1 gives the following signatures
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s(∆1) = (0; [4, 4, 4]),∆1
2

→֒∆(0; [2, 4, 8]) 3

→֒∆(0; [2, 3, 8])
s(∆2) = (0; [3, 4, 6])

s(∆3) = (0; [3, 3, 12]),∆3
2

→֒∆(0; [2, 3, 24])

s(∆4) = (0; [2, 8, 8]),∆4
6

→֒∆(0; [2, 3, 8])

s(∆5) = (0; [2, 6, 12]),∆5
3

→֒∆(0; [2, 3, 12])
s(∆6) = (0; [2, 2, 2, 4])

There are 15 groups of order 24

1. C24 = 〈u|u24 = 1〉
2. C2 × C12 = 〈s, t|s12 = t2 = [s, t] = 1〉
3. C2 × C2 × C6 = 〈u, s, t|u6 = s2 = t2 = [u, s] = [u, t] = [s, t] = 1〉
4. C2 ×A4 = 〈u, s, t|u2 = s3 = t3 = (st)2 = [u, s] = [u, t] = 1〉
5. C2 ×D6 = 〈u, s, t|u2 = s6 = t2 = (st)2 = [u, s] = [u, t] = 1〉
6. C3 ×D4 = 〈s, t|s12 = t2 = 1, tst = s7〉
7. C3 ×Q = 〈a, t|a12 = t4 = 1, a6 = t2, t3at = a7〉
8. C4 ×D3 = 〈s, t|s12 = t2 = 1, tst = s5〉
9. C6 ⋊ C4 = 〈s, t|s6 = t4 = 1, t3st = s5〉

10. D12 = 〈s, t|s12 = t2 = (st)2〉
11. S4 = 〈s, t|s4 = t2 = (ts)3〉
12. 〈2, 3, 3〉 = 〈a, t|a6 = t4 = (a−1t)3 = 1, a3 = t2〉
13. 〈4, 6|2, 2〉 = 〈s, t|s4 = t6 = (st)2 = (s−1t)2〉
14. 〈−|2, 2, 3〉 = 〈a, t|a4 = t4 = (at)6, a2 = t2〉
15. 〈2, 2, 6〉 = 〈a, t|a12 = t4 = 1, t2 = a6, t3at = a5〉

∆2: ∆(0; [3, 4, 6]) → G; The groups of order 24 containing elements of
order 3, 4 and 6 are

C24, C12 × C2, C3 ×D4, C3 ×Q,C4 ×D3, C6 ⋊
C4, D12, 〈2, 3, 3〉, 〈4, 6|2, 2〉, 〈−|2, 2, 3〉, 〈2, 2, 6〉

1) ∆(0; [3, 4, 6]) → C24;The product of elements of order 3, 4 and
6 can never be the identity. Hence there is no epimorphism.

2) ∆(0; [3, 4, 6]) → C12 × C2; The elements of order 3 are s±4, the
elements of order 4 are s±3, s±3t. Their product has order 12.
Hence there is no epimorphism.

6) ∆(0; [3, 4, 6]) → C3 ×D4; As in the previous case the elements
of order 3 and order 4 have product of order 12. Hence there is
no epimorphism.

7) ∆(0; [3, 4, 6]) → C3 ×Q; The product of elements of order 3 and
6 has order 6 or 2. Hence there is no epimorphism.

8) ∆(0; [3, 4, 6]) → C4×D3; Again the product of elements of order
3 and 6 has order 6 or 2. Hence there is no epimorphism.

9) ∆(0; [3, 4, 6]) → C6 ⋊ C4; The elements of order 3 are, s±2, the
elements of order 4 are t±1si. Their product has order 4. Hence
there is no epimorphism.
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10) ∆(0; [3, 4, 6]) → D12; The product of elements of order 3 and 4
in D12 has order 12. Hence there is no epimorphism.

12) ∆(0; [3, 4, 6]) → 〈2, 3, 3〉; There are epimorphisms in this case.
There is only one conjugacy class of elements of order 3 repre-
sented by a2.

Now the elements of order 3 when acting on 〈a2〉-cosets give 2
fixed points (that is conical points of order 3), the elements of
order 4 give no conical points and the elements of order 6 give
cycles of the type (a1, a2, a3, a4, a5, a6)(a7, a8, ), that is 1 conical
point of order 3. Hence, there are 3 conical points in total,
and the signature is s(θ−1〈a2〉) = (1; [3, 3, 3]) and the surface
H/ker(θ) is not trigonal. (See example 1.3.1).

13) ∆(0; [3, 4, 6]) → 〈4, 6|2, 2〉; The product of an element of order
3 (t±2) and an element of order 4 (s±1 or s±1t±2) has order 4.
Hence, there is no epimorphism.

14) ∆(0; [3, 4, 6]) → 〈−|2, 2, 3〉; The product of an element of order
3 and an element of order 6 is either an element of order 2 or an
element of order 6. Hence, there is no epimorphism.

15) ∆(0; [3, 4, 6]) → 〈2, 2, 6〉; The product of an element of order 3
and an element of order 4 has order 12 or 4. Hence, there is no
epimorphism.

∆3: ∆(0; [3, 3, 12]) → G; The groups of order 24 containing elements of
order 12 are

C24, C12 × C2, C3 ×D4, C3 ×Q,C4 ×D3, D12, 〈2, 2, 6〉

1) ∆(0; [3, 3, 12]) → C24; The product of two elements of order 3 is
either the identity or an element of order 3. Thus, there can not
be any epimorphism.

2) ∆(0; [3, 3, 12]) → C12 ×C2; Order(θ(x1x2)) divides 3 so there is
no epimorphism.

6) ∆(0; [3, 3, 12]) → C3 ×D4; Order(θ(x1x2)) divides 3 so there is
no epimorphism.

7) ∆(0; [3, 3, 12]) → C3 × Q; Order(θ(x1x2)) divides 3 so there is
no epimorphism.

8) ∆(0; [3, 3, 12]) → C4 ×D3; Order(θ(x1x2)) divides 3 so there is
no epimorphism.

10) ∆(0; [3, 3, 12]) → D12; Order(θ(x1x2)) divides 3 so there is no
epimorphism.

15) ∆(0; [3, 3, 12]) → 〈2, 2, 6〉; Order(θ(x1x2)) divides 3 so there is
no epimorphism.
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∆4: ∆(0; [2, 8, 8]) → G; There is only one group of order 24 that contains
elements of order 8, namely C24. The elements of order 8 are u±3.
The product of two such elements is either the identity or an element
of order 4. Hence there can not be any epimorphism ∆(0; [2, 8, 8]) →
C24.

∆5: ∆(0; [2, 6, 12]) → G; Again, the groups of order 24 containing ele-
ments of order 12 are

C24, C12 × C2, C3 ×D4, C3 ×Q,C4 ×D3, D12, 〈2, 2, 6〉

1) ∆(0; [2, 6, 12]) → C24; Order(θ(x1x2)) = 3. Thus, there is no
epimorphism.

2) ∆(0; [2, 6, 12]) → C12 × C2; Order(θ(x1x2)) = 3 or 6. Thus,
there is no epimorphism.

6) ∆(0; [2, 6, 12]) → C3 ×D4; The elements of order 2 are t, s6, ts6,
ts±3, the elements of order 6 are s±2, tsi and the elements of
order 12 are s±1, s±5. So there are epimorphisms. The action of
elements of order 2 on 〈s4〉-cosets gives no conical points. The
action of an element of order 3 gives 4 conical points and the
action of an element of order 12 gives 2 conical points. Thus
in total there are 6 conical points in the Riemann surface uni-
formized by θ−1(〈s4〉. The Riemann surface H/ker(θ) is trigo-
nal. Since 〈s4〉 is central in C3 ×D4, there is a normal trigonal
morphism in C3 ×D4.

7) ∆(0; [2, 6, 12]) → C3 × Q; Order(θ(x1x2)) = 3. Thus, there is
no epimorphism.

8) ∆(0; [2, 6, 12]) → C4 × D3; Order(θ(x2x3)) = 4 or 12. Thus,
there is no epimorphism.

10) ∆(0; [2, 6, 12]) → D12; Order(θ(x2x3)) = 4 or 12. Thus, there is
no epimorphism.

15) ∆(0; [2, 6, 12]) → 〈2, 2, 6〉; Order(θ(x2x3)) = 4 or 12. Thus,
there is no epimorphism.

∆6: (0; [2, 2, 2, 4]) can not produce any trigonal surfaces since the orders
of the generators are coprime to 3.

The only maximal groups are the groups with signatures ∆(0; [3, 4, 6]) and
∆(0; [2, 2, 2, 4]), since neither of them give any trigonal surfaces the result
follows.

Remark 2.2.5. The epimorphism ∆(0; [2, 6, 12]) → C3×D4 gives a unique
trigonal morphism in C3 ×D4.
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Remark 2.2.6. There is no epimorphism from a group with signature
(0; [3, 3, 12]) onto a group of order 24.

Remark 2.2.7. There is no epimorphism from a group with signature
(0; [2, 8, 8]) onto a group of order 24.

Proposition 2.2.6. The subspace of M3
4 formed by cyclic trigonal Rie-

mann surfaces X4 with automorphism groups of order 36 has dimension 1.
The automorphism group is D3 ×D3 and the quotient space X4/(D3 ×D3)
is uniformized by a Fuchsian group with signature (0; [2, 2, 2, 3]) and these
surfaces admit non-normal trigonal morphisms.

Proof. Lemma 2.1.1 gives the following signatures:

s(∆1) = (0; [3, 4, 4]),∆1
2:1

→֒ ∆(0; [2, 4, 6])

s(∆2) = (0; [3, 3, 6]),∆2
2:1

→֒ ∆(0; [2, 3, 12])

s(∆3) = (0; [2, 6, 6]),∆3
2:1

→֒ ∆(0; [2, 4, 6])
s(∆4) = (0; [2, 4, 12])
s(∆5) = (0; [2, 2, 2, 3])

and there are 14 groups of order 36. They are

1. C36 = 〈u|u36 = 1〉
2. C18 × C2 = 〈s, u|u18 = s2 = [s, u] = 1〉
3. C12 × C3 = 〈s, u|u12 = s3 = [s, u] = 1〉
4. C6 × C6 = 〈s, u|u6 = s6 = [s, u] = 1〉
5. (C2 × C2) ⋊ C9 = 〈a, s, t|a9 = s2 = t2 = (st)2 = 1,

a8sa = t, a8ta = st〉
6. A4 × C3 = 〈a, s, t|a3 = s3 = t3 = (st)2 = [a, s] = [a, t] = 1〉
7. C9 ⋊ C4 = 〈a, t|a9 = t4 = 1, t3at = a8〉
8. D18 = 〈a, s|a18 = s2 = (as)2〉
9. (C3 × C3) ⋊1 C4 = 〈a, b, t|a3 = b3 = t4 = 1, t3at = a2,

t3bt = b2〉
10. T × C3 = 〈a, b, t|a3 = b4 = t3 = [a, t] = [b, t] = 1, b3ab = a2〉
11. (C3 × C3) ⋊2 C4 = 〈a, b, t|a3 = b3 = t4 = [a, b] = 1, t3at = b,

t3bt = a2〉
12. 〈3, 3, 3, 2〉 × C2 = 〈a, b, s, t|a3 = b3 = s2 = t2 = [a, b] = [a, t] =

= [b, t] = [s, t] = 1, sas = a2, sbs = b2〉
13. D3 × C6 = 〈a, s, t|a6 = s2 = t3 = (sa)2 = [a, t] = [s, t] = 1〉
14. (C3 × C3) ⋊ (C2 × C2) = 〈a, b, s, t|a3 = b3 = s2 = t2 =

= (st)2 = [a, b] = [a, t] = [b, s] = (sa)2 = (tb)2〉

∆1: There are only 6 groups that have elements of order 4:

1) ∆(0; [3, 4, 4]) → C36; The product of two elements of order 4 is
an element of order 2 or the identity. Hence there is no epimor-
phism.

3) ∆(0; [3, 4, 4]) → C12 × C3; The elements of order 4 are u±3 and
order(θ(x2x3)) divides 2 and so there is no epimorphism.
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7) ∆(0; [3, 4, 4]) → C9 ⋊C4; The elements of order 4 are of the type
ait±1 for i = 0, . . . 8. The product of 2 such elements becomes
ait±1ajt±1, which is an element of order 3 if the exponents on the
t’s are different from each other, that is ait±1ajt∓1 = aia−j =
ai−j . So θ(x1x2x3) = 1d if i − j ≡ ±3mod 3 but then θ(∆1) $
C9 ⋊ C4. Hence there is no epimorphism.

9) ∆(0; [3, 4, 4]) → (C3 × C3) ⋊1 C4; The elements of order 2 are
t±1 and order(θ(x2x3)) divides 2. There is no epimorphism.

10) ∆(0; [3, 4, 4]) → T × C3; The elements of order 4 are akb±1 and
the elements of order 3 are aitj for i, j = 0, . . . 3, (i, j) 6= (0, 0).
θ(x1x2x3) = 1d if and only if j = 0 but then t /∈ θ(∆1). Hence
there is no epimorphism.

11) ∆(0; [3, 4, 4]) → (C3 × C3) ⋊2 C4; Consider the epimorphism
defined as:

x1 7→ aibj

x2 7→ akblt±1

x3 7→ albmt±1




 θ(x1x2x3) = 1d

There are 2 conjugacy classes of subgroups of order 3 with rep-
resentatives 〈a〉 and 〈ab〉.

The elements of order 4 acting on the 〈a〉- and 〈ab〉-cosets give
no conical points of order 3. The action of elements of order 3
however, gives 6 conical points on one type of cosets and nothing
on the other. So there is one class of non-unique trigonal mor-
phisms and one class of automorphism of order 3 with quotient
surface of genus 2.

∆2 1) ∆(0; [3, 3, 6]) → C36; Order(θ(x1x2)) divides 3 so there is no
epimorphism.

2) ∆(0; [3, 3, 6]) → C18 × C2; Order(θ(x1x2)) divides 3, thus there
is no epimorphism.

3) ∆(0; [3, 3, 6]) → C12 × C3; Order(θ(x1x2)) divides 3 so there is
no epimorphism.

4) ∆(0; [3, 3, 6]) → C6 × C6; Order(θ(x1x2)) = 3 hence there is no
epimorphism.

5) ∆(0; [3, 3, 6]) → (C2 ×C2) ⋊C9; Order(θ(x1x2)) = 3 so there is
no epimorphism.

6) ∆(0; [3, 3, 6]) → A4 × C3; Consider the epimorphism:

x1 7→ at
x2 7→ as
x3 7→ ats




 θ(x1x2x3) = 1d
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There are 4 conjugacy classes of subgroups of order 3 with rep-
resentatives 〈a〉, 〈s〉, 〈as〉 and 〈a2s〉.

The action of at gives 3 conical points on the 〈a2s〉-cosets, and
none on the other.

The action of as gives 3 conical points on the 〈as〉-cosets, and
none on the other.

The action of ats gives 6 conical points of order 3 on the 〈a〉-
cosets and none on the 〈s〉-cosets, the 〈as〉-cosets and the 〈a2s〉-
cosets.

All epimorphisms will give equvalent actions on the cosets.

Hence the epimorphism ∆(0; [3, 3, 6]) → A4 ×C3 produces class
of normal trigonal morphism, two classes of automorphisms of
order 3 with quotient surface of genus 1 and one class of auto-
morphisms of order 3 with quotient surface of genus 2.

7) ∆(0; [3, 3, 6]) → C9 ⋊ C4; Elements of order 3 are ait±1 and so
the product of 2 such elements ait±1ajt±1 is an element of order
6 if i− j ≡ ±3(mod 3). But then θ(∆2) ≤ C3 ⋊C4. Hence there
is no epimorphism.

8) ∆(0; [3, 3, 6]) → D18; Order(θ(x1x2)) divides 3 so there is no
epimorphism.

9) ∆(0; [3, 3, 6]) → (C3 × C3) ⋊1 C4; Order(θ(x1x2)) = 3 so there
is no epimorphism.

10) ∆(0; [3, 3, 6]) → T × C3; Order(θ(x1x2)) = 3 so there is no
epimorphism.

11) ∆(0; [3, 3, 6]) → (C3 ×C3)⋊2C4; There are no elements of order
6 in (C3 × C3) ⋊2 C4;

12) ∆(0; [3, 3, 6]) → 〈3, 3, 3, 2〉 × C2; Order(θ(x1x2)) = 3 so there is
no epimorphism.

13) ∆(0; [3, 3, 6]) → D3 × C6; Order(θ(x1x2)) = 3 so there is no
epimorphism.

14) ∆(0; [3, 3, 6]) → D3 ⋊ D3; Order(θ(x1x2)) = 3 so there is no
epimorphism.

∆3 1) ∆(0; [2, 6, 6]) → C36; Order(θ(x2x3)) divides 3 so there is no
epimorphism.

2) ∆(0; [2, 6, 6]) → C18 × C2; The elements of order 2 and 6 only
contain powers of u that are multiples of 3. That is, θ(∆3) ≤
C6 × C2, so there is no epimorphism.

3) ∆(0; [2, 6, 6]) → C12 × C3; Order(θ(x2x3)) divides 3 so there is
no epimorphism.

4) ∆(0; [2, 6, 6]) → C6 × C6; Order(θ(x2x3)) can have order 2 but
then θ(∆3) ≤ C6 × C2 hence there is no epimorphism.
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5) ∆(0; [2, 6, 6]) → (C2 × C2) ⋊ C9; θ(∆3)) ≤ (C2 × C2) ⋊ C3 so
there is no epimorphism.

6) ∆(0; [2, 6, 6]) → A4 × C3; Order(θ(x2x3)) = 3 hence there is no
epimorphism.

7) ∆(0; [2, 6, 6]) → C9 ⋊ C4; Order(θ(x2x3)) divides 3 so there is
no epimorphism.

8) ∆(0; [2, 6, 6]) → D18; Order(θ(x2x3)) divides 3 so there is no
epimorphism.

9) ∆(0; [2, 6, 6]) → (C3 × C3) ⋊1 C4; Order(θ(x2x3)) = 3 so there
is no epimorphism.

10) ∆(0; [2, 6, 6]) → T ×C3; Order(θ(x2x3) is either 12 or 3 so there
is no epimorphism.

11) ∆(0; [2, 6, 6]) → (C3 ×C3)⋊2C4; There are no elements of order
6 in (C3 × C3) ⋊2 C4 so there is no epimorphism.

12) ∆(0; [2, 6, 6]) → 〈3, 3, 3, 2〉 × C2; Order(θ(x2x3)) = 3 so there is
no epimorphism.

13) ∆(0; [2, 6, 6]) → D3 × C6; If Order(θ(x2x3)) = 2, then θ(∆3) $
D3 × C6 so there is no epimorphism.

14) ∆(0; [2, 6, 6]) → D3 ×D3; There is one type of epimorphism in
this case:

x1 7→ ab2st
x2 7→ at
x3 7→ bs




 θ(x1x2x3) = 1d

There are 3 conjugacy classes of subgroups of order 3 and the
classes are represented by 〈a〉, 〈b〉 and 〈ab〉.

The action on the cosets becomes

〈a〉
ab2st  (1, 12)(2, 10)(3, 11)(4, 9)(5, 7)(6, 8)
at  (1, 7)(2, 8)(3, 9)(4, 10)(5, 11)(6, 12)
bs  (1, 5, 3, 4, 2, 6)(7, 12, 8, 10, 9, 11)

〈b〉
ab2st  (1, 11)(2, 12)(3, 10)(4, 9)(5, 7)(6, 8)
at  (1, 8, 3, 7, 2, 9)(4, 12, 5, 10, 6, 11)
bs  (1, 4)(2, 5)(3, 6)(7, 10)(8, 11)(9, 12)

〈ab〉
ab2st  (1, 12)(2, 10)(3, 11)(4, 7)(5, 8)(6, 9)
at  (1, 8, 3, 7, 2, 9)(4, 12, 5, 10, 6, 11)
bs  (1, 6, 2, 4, 3, 5)(7, 11, 9, 10, 8, 12)
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The action of elements of order 2 on any of the 3 cosets gives no
conical points. The action of elements of order 6 gives 6 conical
points on both the 〈a〉- and 〈b〉-coset and none on the 〈ab〉-cosets.
Thus, there are two classes of normal trigonal morphisms and
one class of automorphisms of order 3 with quotient surface of
genus 2.

∆4 Again there are only 6 groups of order 36 that contain an element of
order 4:

1) ∆(0; [2, 4, 12]) → C36; Order(θ(x1x2)) divides 4 so there can be
no epimorphism.

3) ∆(0; [2, 4, 12]) → C12 ×C3; Order(θ(x1x2)) = 3 so there can be
no epimorphism.

7) ∆(0; [2, 4, 12]) → C9 ⋊ C4; There are no elements of order 12 so
there can be no epimorphism.

9) ∆(0; [2, 4, 12]) → (C3 ×C3) ⋊1 C4; Order(θ(x1x2)) = 4 so there
can be no epimorphism.

10) ∆(0; [2, 4, 12]) → T × C3; Order(θ(x1x2)) = 4 so there can be
no epimorphism.

11) ∆(0; [2, 4, 12]) → (C3×C3)⋊2C4; There are no elements of order
12 in (C3 × C3) ⋊2 C4 so there can be no epimorphism.

∆5 1) ∆(0; [2, 2, 2, 3]) → C36; Order(θ(x1x2x3)) = 2. Hence, there can
be no epimorphism.

2) ∆(0; [2, 2, 2, 3]) → C18 ×C2; The elements of order 2 and 3 only
contain powers of u that are multiples of 3. That is, θ(∆3) ≤
C6 × C2, so there is no epimorphism.

3) ∆(0; [2, 2, 2, 3]) → C12 ×C3; Order(θ(x1x2x3)) = 2 so there can
be no epimorphism.

4) ∆(0; [2, 2, 2, 3]) → C6 × C6; Order(θ(x1x2x3)) = 2 so there can
be no epimorphism.

5) ∆(0; [2, 2, 2, 3]) → (C2 × C2) ⋊ C9; Order(θ(x1x2x3)) = 2 so
there can be no epimorphism.

6) ∆(0; [2, 2, 2, 3]) → A4 × C3; There can be no epimorphism since
θ(∆) ≤ A4 or θ(∆) ≤ C6 × C2.

7) ∆(0; [2, 2, 2, 3]) → C9 ⋊ C4; Order(θ(x1x2x3) = 2 hence there
can be no epimorphism.

8) ∆(0; [2, 2, 2, 3]) → D18; order(θ(x1x2x3)) divides 2 so there can
be no epimorphism.

9) ∆(0; [2, 2, 2, 3]) → (C3 × C3) ⋊1 C4; Order(θ(x1x2x3)) = 2 so
there can be no epimorphism.
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10) ∆(0; [2, 2, 2, 3]) → T × C3; Order(θ(x1x2x3)) = 2 so there can
be no epimorphism.

11) ∆(0; [2, 2, 2, 3]) → (C3 × C3) ⋊2 C4; Order(θ(x1x2x3)) = 2 so
there can be no epimorphism.

12) ∆(0; [2, 2, 2, 3]) → 〈3, 3, 3, 2〉 × C2; Order(θ(x1x2x3)) can be 3
but then still θ(∆) � 〈3, 3, 3, 2〉 × C2 (in fact θ(∆) = D6) so
there can be no epimorphism.

13) ∆(0; [2, 2, 2, 3]) → D3×C6; IfOrder(θ(x1x2x3)) = 3 then θ(∆5) =
D6, so there can be no epimorhism.

14) ∆(0; [2, 2, 2, 3]) → D3 ×D3; There is one type of epimorphism:

x1 7→ s
x2 7→ tb
x3 7→ sta
x4 7→ a2b




θ(x1x2x3x4) = 1d

The elements of order 2 do not give any conical point while the
action of an element of order 3 gives

〈a〉
a2b  (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 12, 11)

〈b〉
a2b  (1, 3, 2)(4, 5, 6)(7, 8, 9))(10, 11, 12)

〈ab〉
a2b  (1, 2, 3)(4)(6)(5)(7)(8)(9)(10, 11, 12)

Thus, the epimorphism ∆(0; [2, 2, 2, 3]) → D3 × D3 produces one class of
non-normal trigonal morphisms and two classes of normal automorphism
of order 3 with quotient surface of genus 2.
Hence, the only fuchsian group that will give a trigonal Riemann sur-
face with automorphism group of order 36 is the group with signature
(0;[2,2,2,3]) and the automorphsim group is D3 ×D3.
The dimension formula for Teichmüller spaces (thm 1.5.1) gives that the
subspace of M3

4 formed by these Riemann surfaces has dimension 1.

Remark 2.2.8. The epimorphism ∆(0; [3, 4, 4]) → (C3 × C3) ⋊2 C4 pro-
duces one class of non-normal trigonal morphisms and one class of auto-
morphisms of order 3 with quotient surface of genus 2.

Remark 2.2.9. The epimorphism ∆(0; [3, 3, 6]) → A4 × C3 produces one
class of normal trigonal morphism and two classes of automorphisms of
order 3 with quotient surface of genus 1 and one class of automorphisms
of order 3 with quotient surface of genus 2.
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Remark 2.2.10. The epimorphism ∆(0; [2, 6, 6]) → D3×D3 produces two
classes of normal trigonal morphisms and one class of automorphisms of
order 3 with quotient surface of genus 2.

Proposition 2.2.7. There is no Riemann surface of genus 4 with auto-
morphism group of order 42.

Proof. Lemma 2.1.1 gives the following signature:

s(∆) = (0; [3, 3, 21]),∆ 2

→֒∆(0; [2, 3, 42])

and there are 2 groups of order 21

G ∼= C21 = 〈u|u21 = 1〉
G ∼= C7 ⋊ C3 = 〈s, t|s3 = t7 = 1, s2ts = t4〉

1) ∆(0; [3, 3, 21]) → C21; The product of 2 elements of order 3 in C21

is either the identity or an element of order 3. Hence there is no
epimorphism.

2) ∆(0; [3, 3, 21]) → C7⋊C3 There are no elements of order 21 in C7⋊C3

and so there can not be any epimorphism.

Since the signature (0; [3, 3, 21]) does not yield any epimorphism there can
not be any epimorphism from a group with signature (0; [2, 3, 42]) onto a
group of order 42.

Proposition 2.2.8. There is no Riemann surface of genus 4 with auto-
morphism group of order 48.

Proof. From remark 2.2.6 we know there is no epimorphism from ∆(0; [3, 3, 12])
into a group of order 24 and hence there can be no epimorphism from
∆(0; [2, 3, 24]) into a group of order 48.

Proposition 2.2.9. There is no Riemann surface of genus 4 with auto-
morphism group of order 54.

Proof. Lemma 2.1.1 gives the following signature

s(∆) = (0; [3, 3, 9]),∆ 2

→֒(0; [2, 3, 18])

∆ 4

→֒(0; [2, 3, 9])

There are 5 groups of order 27

G ∼= C27 = 〈u|u27 = 1〉
G ∼= C9 × C3 = 〈s, t|s9 = t3 = [s, t] = 1〉
G ∼= C3 × C3 × C3 = 〈u, s, t|u3 = s3 = t3 = [u, s] = [s, t] = [u, t] = 1〈
G ∼= C9 ⋊ C3 = 〈s, t|s9 = t3 = 1, s2st = s7〉
G ∼= (C3 × C3) ⋊ C3 = 〈u, s, t|u3 = s3 = t3 = [u, s] = [u, t] = 1, tst = su〉
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where C3 × C3 × C3 and (C3 × C3) ⋊ C3 are not interesting because they
do not contain elements of order 9.

1) ∆(0; [3, 3, 9]) → C27; The elements of order 3 are u±7 so
Order(θ(x1x2)) divides 3. Hence there can be no epimorphism.

2) ∆(0; [3, 3, 9]) → C9 × C3; The elements of order 3 are tis±3 and so
Order(θ(x1x2)) divides 3 and again there can be no epimorphism.

3) ∆(0; [3, 3, 9]) → C9⋊C3; The elements of order 3 are s±3, t±1, t±1s±3,
hence Order(θ(x1x2)) divides 3 and so there can be no epimorphism.

Since there are no epimorphisms from a group with signature (0; [3, 3, 9])
into a group of order 27 there are no epimorphsims from ∆(0; [2, 3, 18]) onto
a group of order 54.

Proposition 2.2.10. There is no Riemann surface with automorphism
group of order 60.

Proof. Lemma 2.1.1 gives the signature

s(∆) = (0; [2, 3, 15])

Now there are 13 groups of order 60 and they are

1. A5 = 〈a, b|a2 = b3 = (ab)5〉
2. C30 × C2 = 〈s, t|s2 = t30 = [s, t] = 1〉
3. C5 ×A4 = 〈s, t, u|s3 = t3 = (st)2 = u5 = [s, u] = [t, u] = 1〉
4. C60 = 〈u|u60 = 1〉
5. C15 ⋊14 C4 = 〈a, t|a15 = t4 = 1, t3at = a14〉
6. C15 ⋊2 C4 = 〈a, t|a15 = t4 = 1, t3at = a2〉
7. C15 ⋊4 C4 = 〈a, t|a15 = t4 = 1, t3at = a4〉
8. C15 ⋊11 C4 = 〈a, t|a15 = t4 = 1, t3at = a11〉
9. C15 ⋊13 C4 = 〈a, t|a15 = t4 = 1, t3at = a13〉

10. D30 = 〈s, t|s15 = t2 = (st)2〉
11. D3 ×D5 = 〈a, b, s, t|a3 = b2 = s5 = t2 = (ab)2 = (st)2 =

= [a, s] = [b, s] = [a, t] = [b, t] = 1〉
12. D3 × C10 = 〈s, t, u|s3 = t2 = u10 = (st)2 = [s, u] = [t, u] = 1〉
13. C6 ×D5 = 〈s, t, u|s5 = t2 = u6 = (st)2 = [s, u] = [t, u] = 1〉

There is no element of order 15 in A5. In all the other cases Order(θ(x1x2))
divides 6 so there can be no epimorphisms from a group with signature
(0; [2, 3, 15]) onto a group of order 60.
This gives the desired result.

Proposition 2.2.11. (i) There is a unique cyclic trigonal Riemann sur-
face Y4 with automorphsim group of order 72 and non-normal trigonal
morphism. Its automorphism group is Aut(Y4) = (C3 × C3) ⋊D4.
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(ii) There is another cyclic trigonal Riemann surface X4 with automor-
phism group of order 72 and normal trigonal morphism. Its automor-
phism group is Aut(X4) = S4 × C3.

Proof. The maximal signatures, when the automorphism group of the sur-
face has order 72, are

s(∆1) = (0; [2, 4, 6])
s(∆2) = (0; [2, 3, 12])

∆1: By the remarks 2.2.8 and 2.2.10 the only groups to be checked are the
extensions of (C3 × C3) ⋊2 C4 and D3 ×D3 containing 2 conjugacy
classes of elements of order 3. There is only one such group (C3 ×
C3) ⋊D4 which has presentation

〈a, b, s, t|a3 = b3 = t4 = s2 = [a, b] = [s, b] = (st)2 = (sa)2 = 1, t3at = b, t3bt = a2〉

The epimorphism θ : (0; [2, 4, 6]) → (C3 × C3) ⋊2 D4 defined by

x1 7→ s
x2 7→ ta
x3 7→ stb




 θ(x1x2x3) = 1d

yields a Riemann surface H/ker(θ) with non-normal trigonal mor-
phism. (In fact the trigonal morphisms are induced by 〈ab〉 and
〈a2b〉).

∆2: By the remarks 2.2.5 and 2.2.9, the only groups to be checked in this
case are the extensions of A4 × C3 and C3 ×D4 containing elements
of order 12. There is only one such group

S4 × C3 = 〈t, a, b|t2 = a3 = b3 = (ta)4 = [t, b] = [a, b] = 1〉,

where b is a central element. Consider the epimorphism:

x1 7→ t
x2 7→ ab
x3 7→ a2tb2




 θ(x1x2x3) = 1d

The action of θ(x3) on the 〈b〉-cosets leaves 24/4 conic points of order
12/4 = 3. Thus b is a normal trigonal morphism. By González’s
theorem (thm 1.4.2) and remark 2.2.9 it is the unique trigonal mor-
phism.

Thus, the fuchsian group with signature (0; [2, 4, 6]) gives a trigonal Rie-
mann surface Y4 with automorphism group (C3 ×C3) ⋊D4 of order 72. Y4

has non-normal trigonal morphism.
The fuchsian group with signature (0; [2, 3, 12]) gives a trigonal Riemann
surface X4 with automorphism group S4 × C3 of order 72. X4 has normal
(unique) trigonal morphism.
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Proposition 2.2.12. There is no Riemann surface of genus 4 with auto-
morphism group of order 90.

Proof. For |G| = 15 lemma 2.1.1 gives the following signature:

s(∆) = (0; [5, 5, 5]),∆ 2

→֒∆(0; [2, 5, 10]) 3

→֒∆(0; [2, 3, 10])

and there is only one group of order 15 namely

G ∼= C15 = 〈u|u15〉

∆(0; [5, 5, 5]) → C15; The elements of order 5 do not generate C15. Hence,
there is no possible epimorphism.
Since the signature (0; [5, 5, 5]) does not yield any epimorphism there can
not exist any epimorphism from a group with signature (0; [2, 3, 10]) onto
a group of order 90.

Proposition 2.2.13. There is no Riemann surface of genus 4 with auto-
morphism group of order 108.

Proof. By the proof of proposition 2.2.9 there are no epimorphisms from a
group with signature (0; [3, 3, 9]) into a group of order 27. Hence there can
be no epimorphisms from ∆(0; [2, 3, 9]) onto a group of order 108.

Proposition 2.2.14. There is no cyclic trigonal Riemann surface with
automorphism group of order 120.

Proof. Lemma 2.1.1 gives the only signature

(0; [2, 4, 5])

however all the generators have order coprime to 3, therefore the signature
can not produce any trigonal morphism.

Proposition 2.2.15. There is no Riemann surface of genus 4 with auto-
morphism group of order 144.

Proof. From remark 2.2.7 we know there is no epimorphism from ∆(0; [2, 8, 8])
into a group of order 24 and hence there can be no epimorphism from
∆(0; [2, 3, 8]) into a group of order 144.

Proposition 2.2.16. There is no Hurwitz surface of genus 4.

This is in fact a well known fact but the proof of this in this case is very
short and elegant:

Proof. A Riemann surface X4 is a Hurwitz surface if X4/Aut(X4) is uni-
formized by a Fuchsian group with signature (0; [2, 3, 7]) and |Aut(X4)| =
252. There are several groups of order 252 (46 of them). We prove that
there exists no epimorphism from the non-normal subgroup ∆(0; [2, 7, 7])
onto a group of order 28. Notice that ∆(0; [2, 7, 7]) has index 9 in ∆(0; [2, 3, 7])
There are only 4 groups of order 28, namely
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1. C28 = 〈u|u28 = 1〉
2. C14 × C2 = 〈s, t|s14 = t2 = [s, t] = 1〉
3. D14 = 〈s, t|s14 = t2 = (st)2 = 1〉
4. 〈2, 2, 7〉 = s, t|s14 = t4 = 1, s7 = t2, t3st = s−1〉

1. ∆(0; [2, 7, 7]) → C28; The elements of order 7 are u±4, u±8, u±12 and
so Order(θ(x2x3)) is either 4 or 1. In any case there can be no
epimorphism.

2. ∆(0; [2, 7, 7]) → C14 × C2; The elements of order 7 are s±2, s±4, s±6

and so Order(θ(x2x3)) is either 7 or 1. Hence there can be no epi-
morphism.

3. ∆(0; [2, 7, 7]) → D14; The elements of order 7 are s±2, s±4, s±6 and so
Order(θ(x2x3)) is either 7 or 1. Hence there can be no epimorphism.

4. ∆(0; [2, 7, 7]) → 〈2, 2, 7〉; Elements of order 7 are s±2, s±4, s±6 and so
Order(θ(x2x3)) is either 7 or 1. Hence there can be no epimorphism.

Since there is no epimorphism from a group with signature (0; [2, 7, 7]) into
a group of order 28 the signature (0; [2, 3, 7]) can not produce a surface of
genus 4 with automorphism group of maximal order 252=84(4-1).

2.3 Main results

Now the propositions (2.2.1) - (2.2.16) together give the main theorems:

Theorem 1. (i) There is a uniparametric family of cyclic trigonal Rie-
mann surfaces X4(λ) of genus 4 with non-normal trigonal morphisms.
Aut(X4(λ)) = D3×D3 and X4(λ)/Aut(X4(λ)) are uniformized by the
Fuchsian group ∆ with signature s(∆) = (0; [2, 2, 2, 3]).

(ii) There is one cyclic trigonal Riemann surface Y4 of genus 4 with
non-normal trigonal morphisms. Aut(Y4) = (C3 × C3) ⋊ D4 and
Y4/Aut(Y4)) is the sphere with 3 conic points of order 2, 4 and 6
respectively.

Theorem 2. The space M3
4 of cyclic trigonal Riemann surfaces of genus

4 form a disconnected subspace of the moduli space M4 of dimension 3.

1. The subspace of M3
4 formed by Riemann surfaces of genus 4 with

automorphism group of order 6 has dimension 2 in M3
4. The auto-

morphism group of the Riemann surfaces is either C6 or D3.

2. The subspace of M3
4 formed by Riemann surfaces of genus 4 with

automorphism group of order 12 has dimension 1 in M3
4. The auto-

morphism group of the Riemann surfaces is either C2 × C6 or D6.
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3. The subspace of M3
4 formed by Riemann surfaces X4(∆) of genus 4

with automorphism group of order 36 has dimension 1 in M3
4. The

automorphism group of the Riemann surfaces is D3 × D3 and the
surfaces admit non-normal trigonal morphisms.

4. There are exactly 2 cyclic trigonal Riemann surfaces X4 and Y4 of
genus 4 with automorphism groups of order 72.

(i) X4 has a normal trigonal morphism and Aut(X4) = S4 × C3.

(ii) Y4 has non-normal trigonal morphisms and Aut(Y4) = (C3 ×
C3) ⋊D4
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Appendix A

List of groups

We follow Coxeter’s and Moser’s notation for groups up to order 27

Groups of order 12

1. C12 = 〈u|u12 = 1〉

2. C6 × C2 = 〈s, t|s6 = t2 = [s, t] = 1〉

3. D6 = 〈s, t|s6 = t2 = (st)2 = 1〉

4. A4 = 〈s, t|s3 = t3 = (st)2 = 1〉

Elements
Order Elements Number of elements

2 st, ts2t, s2t2 3
3 s±1, t±1, (st2)±1, (s2t)±1 8

Total number of elements 12

5. T = 〈s, t|t3 = s4 = 1, s3ts = t2〉 (= 〈2, 2, 3〉)

Elements
Order Elements Number of elements

2 s2 1
3 t±1 2
4 s±1, ts±1, t2s±1 6
6 ts2, t2s2 2

Total number of elements 12
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Groups of order 15

C15 = 〈u|u15 = 1〉

Groups of order 18

1. C18 = 〈u|u18 = 1〉

2. C3 × C6 = 〈s, t|s3 = t6 = [s, t] = 1〉

3. C3 ×D3 = 〈s, t|s3 = t6 = 1, t5st = s2〉

Elements
Order Elements Number of elements

2 sit3 (i = 0, . . . , 2) 3
3 s±1, t±2, s±1t±2 8
6 t±1, s±1t±1 6

Total number of elements 18

4. D9 = 〈s, t|s2 = t9 = (st)2 = 1〉

5. 〈3, 3, 3, 2〉 = 〈a, b, t|a3 = b3 = t2 = [a, b] = 1, tat = a−1, tbt = b−1〉

Elements
Order Elements Number of elements

2 aibjt 9
3 aibj , (i, j) 6= (0, 0) 8

Total number of elements 18

Groups of order 21

1. C21 = 〈u|u21 = 1〉

2. C7 ⋊ C3 = 〈s, t|s3 = t7 = 1, s2ts = t4〉

Elements
Order Elements Number of elements

3 s±1ti, (i = 0, . . . , 6) 14
7 bi, (i = 1, . . . , 6) 6

Total number of elements 21

Groups of order 24

1. C24 = 〈u|u24 = 1〉
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2. C2 × C12 = 〈s, t|s12 = t2 = [s, t] = 1〉

3. C2 × C2 × C6 = 〈u, s, t|u6 = s2 = t2 = [u, s] = [u, t] = [s, t] = 1〉

4. C2 ×A4 = 〈u, s, t|u2 = s3 = t3 = (st)2 = [u, s] = [u, t] = 1〉

Elements
Order Elements Number of elements

2 st, ts2t s2t2

u ust, uts2t us2t2 7
3 s±1, t±1, st2

s2t, ts2, t2s 8
6 us±1, ut±1, ust2

us2t, uts2, ut2s 8
Total number of elements 24

5. C2 ×D6 = 〈u, s, t|u2 = s6 = t2 = (st)2 = [u, s] = [u, t] = 1〉

Elements
Order Elements Number of elements

2 s3, sit, u, us3

usit (i = 0, . . . , 5) 15
3 s±2 2
6 s±1, us±2, us±1 6

Total number of elements 24

6. C3 ×D4 = 〈s, t|s12 = t2 = 1, tst = s7〉

Elements
Order Elements Number of elements

2 t, s6, ts6, ts±3 5
3 s±4 2
4 s±3 2
6 s±2, ts±1, ts±2, ts±4, ts±5 10

12 s±1, s±5 4
Total number of elements 24

7. C3 ×Q = 〈a, t|a12 = t4 = 1, a6 = t2, t3at = a7〉

Elements
Order Elements Number of elements

2 t2 1
3 a±4 2
4 a±3, t±1, t±1a3 6
6 a±2 2

12 a±1, a±5, t±1a
t±1a2, t±1a4, t±1a5 12

Total number of elements 24
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8. C4 ×D3 = 〈s, t|s12 = t2 = 1, tst = s5〉

Elements
Order Elements Number of elements

2 t, s6, ts6, ts±2, ts±4 7
3 s±4 2
4 s±3, ts±1, ts±3, ts±5 8
6 s±2 2

12 s±1, s±5 4
Total number of elements 24

9. C6 ⋊ C4 = 〈s, t|s6 = t4 = 1, t3st = s5〉

Elements
Order Elements Number of elements

2 s3, t2, t2s3 3
3 s±2 2
4 t±1si, (s = 0, . . . , 5) 12
6 s±1, t2s±1, t2s±2 6

Total number of elements 24

10. D12 = 〈s, t|s12 = t2 = (st)2〉

11. S4 = 〈s, t|s4 = t2 = (ts)3〉

Elements
Order Elements Number of elements

2 t, s2, s2ts2, s3ts, ts2t
ts2ts, ts2ts2, ts2ts3 9

3 ts, st, ts3, s2ts, s3ts2

sts2, s2ts3, s3t 8
4 ts2, s2t, s±1, s3ts3, sts 6

Total number of elements 24

12. 〈2, 3, 3〉 = 〈a, t|a6 = t4 = (a−1t)3 = 1, a3 = t2〉 = Q⋊ C3

Elements
Order Elements Number of elements

2 a3 1
3 a±2, ta4, a4t, ta5, a5t, tat, ta2ta3 8
4 t±1, a2ta, a5ta, ata2, a4ta3 6
6 a±1, ta, ta2, at, a2t, ta2t, tata3 8

Total number of elements 24
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13. 〈4, 6|2, 2〉 = 〈s, t|s4 = t6 = (st)2 = (s−1t)2〉

Elements
Order Elements Number of elements

2 s2, t3, s2t3, s±1t±1, s±1t3 9
3 t±2 2
4 s±1, s±1t±2 6
6 t±1, s2t±1, s2t±2 6

Total number of elements 24

14. 〈−|2, 2, 3〉 = 〈a, t|a4 = t4 = (at)6, a2 = t2〉

Elements
Order Elements Number of elements

2 a2, tatata, tatata3 3
3 tata, atat 2
4 a±1, t±1, tat, tatat, ata, atata

tata2, tatata2, ata3, atata3 12
6 at, ta, ta3, ata2, tata3, atata2 6

Total number of elements 24

15. 〈2, 2, 6〉 = 〈a, t|a12 = t4 = 1, t2 = a6, t3at = a5〉

Elements
Order Elements Number of elements

2 t2, t±1a, t±1a3, t±1a5 7
3 a±4 2
4 a±3, t±1, t±1a2, t±1a4 8
6 a±2 2

12 a±1, a±5 4
Total number of elements 24

Groups of order 27

1. C27 = 〈u|u27 = 1〉

2. C9 × C3 = 〈s, t|s9 = t3 = [s, t] = 1〉

3. C3 × C3 × C3 = 〈u, s, t|u3 = s3 = t3 = [u, s] = [s, t] = [u, t] = 1〉

4. C9 ⋊ C3 = 〈s, t|s9 = t3 = 1, s2st = s7〉

Elements
Order Elements Number of elements

3 t±1, s±3, t±1s±3 8
9 s±1, s±2, s±4

t±1s±1, t±1s±2, t±1s±4 18
Total number of elements 27
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5. (C3 × C3) ⋊ C3 = 〈u, s, t|u3 = s3 = t3 = [u, s] = [u, t] = 1, tst = su〉

Elements
Order Elements Number of elements

3 uisjtk 26
Total number of elements 27

Groups of order 28

1. C28 = 〈u|u28 = 1〉

2. C14 × C2 = 〈s, t|s14 = t2 = [s, t] = 1〉

3. D14 = 〈s, t|s14 = t2 = (st)2 = 1〉

4. 〈2, 2, 7〉 = s, t|s14 = t4 = 1, s7 = t2, t3st = s−1〉

Elements
Order Elements Number of elements

2 t2 = s7 1
4 tsi, (i = 0, . . . , 13) 14
7 s±2, s±4, s±6 6

14 s±1, s±3, s±5 6
Total number of elements 27

Groups of order 36

1. C36 = 〈u|u36 = 1〉

2. C18 × C2 = 〈s, u|s2 = u18 = [s, u] = 1〉

3. C12 × C3 = 〈s, u|s3 = u12 = [s, u] = 1〉

4. C6 × C6 = 〈s, u|s6 = u6 = [s, u] = 1〉

5. (C2×C2)⋊C9 = 〈a, s, t|a9 = s2 = t2 = [s, t] = 1, a8sa = t, a8ta = st〉

Elements
Order Elements Number of elements

2 s, t, st 3
3 a±3 2
6 sitja±3, (i, j) 6= (0, 0) 6
9 sitja±1, sitja±2, sitja±4 24

Total number of elements 36

6. A4 × C3 = 〈a, s, t|a3 = s3 = t3 = (st)2 = [a, s] = [a, t] = 1〉
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Elements
Order Elements Number of elements

2 st, ts2t s2t2 3
3 a±1, s±1ai, t±1ai

(st2)±1ai, (s2t)±1ai 26
6 sta±1, ts2ta±1 s2t2a±1 6

Total number of elements 36

7. C9 ⋊ C4 = 〈a, t|a9 = t4 = 1, t3at = a8〉

Elements
Order Elements Number of elements

2 t2 1
3 a±3 2
4 ait±1, (i = 0, . . . , 8) 18
6 a±3t2 2
9 a±1, a±2, a±4 4

18 a±1t2, a±2t2, a±4t2 6
Total number of elements 36

8. D18 = 〈a, s|a18 = s2 = (sa)2〉

9. (C3 × C3) ⋊1 C4 = 〈a, b, t|a3 = b3 = t4 = [a, b] = 1, t3at = a2, t3bt =
b2〉

Elements
Order Elements Number of elements

2 t2 1
3 aibj, (i, j) 6= (0, 0) 8
4 t±1 2
6 aibjt2, (i, j) 6= (0, 0) 8

18 aibjt±1, (i, j) 6= (0, 0) 16
Total number of elements 36

10. T × C3 = 〈a, b, t|a3 = b4 = t3 = [a, t] = [b, t] = 1, b3ab = a2〉

Elements
Order Elements Number of elements

2 b2 1
3 aitj , (i, j) 6= (0, 0) 8
4 aib±1 6
6 a±1b2, t±1b2 4

18 aib±1tj , (i, j) 6= (0, 0) 16
Total number of elements 36
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11. (C3×C3)⋊2C4 = 〈a, b, t|a3 = b3 = t4 = [a, b] = 1, t3at = b, t3bt = a2〉

Elements
Order Elements Number of elements

2 aibjt2 10
3 aibj , (i, j) 6= (0, 0) 8
4 aibjt±1 18

Total number of elements 36

12. 〈3, 3, 3, 2〉 × C2 = 〈a, b, s, t|a3 = b3 = s2 = t2 = [a, b] = [a, t] = [b, t] =
[s, t] = 1, sas = a2, sbs = b2〉

Elements
Order Elements Number of elements

2 aibjs, aibjst, t 19
3 aibj , (i, j) 6= (0, 0) 8
4 aibjt 8

Total number of elements 36

13. D3 × C6 = 〈a, s, t|a6 = s2 = t3 = (sa)2 = [a, t] = [s, t] = 1〉

Elements
Order Elements Number of elements

2 a3, ais, (i = 0; . . . , 5) 19
3 a2tj , t±1, (i = 0; . . . , 2) 8
6 a±1, aist±1, (i = 0; . . . , 5)

a±1t±1, a3t±1 20
Total number of elements 36

14. D3 × D3 = 〈a, b, s, t|a3 = b3 = s2 = t2 = (st)2 = [a, b] = [a, t] =
[b, s] = (sa)2 = (tb)2〉

Elements
Order Elements Number of elements

2 ais, bit, aibjst 15
3 aibj 8
6 aib±1s, a±bjt 12

Total number of elements 36

Groups of order 60

1. A5 = 〈a, b|a2 = b3 = (ab)5〉

2. C30 × C2 = 〈s, t|s2 = t30 = [s, t] = 1〉
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3. C5 ×A4 = 〈s, t, u|s3 = t3 = (st)2 = u5 = [s, u] = [t, u] = 1〉

4. C60 = 〈u|u60 = 1〉

5. C15 ⋊14 C4 = 〈a, t|a15 = t4 = 1, t3at = a14〉

6. C15 ⋊2 C4 = 〈a, t|a15 = t4 = 1, t3at = a2〉

7. C15 ⋊4 C4 = 〈a, t|a15 = t4 = 1, t3at = a4〉

8. C15 ⋊11 C4 = 〈a, t|a15 = t4 = 1, t3at = a11〉

9. C15 ⋊13 C4 = 〈a, t|a15 = t4 = 1, t3at = a13〉

10. D30 = 〈s, t|s15 = t2 = (st)2〉

11. D3 × D5 = 〈a, b, s, t|a3 = b2 = s5 = t2 = (ab)2 = (st)2 = [a, s] =
[b, s] = [a, t] = [b, t] = 1〉

12. D3 × C10 = 〈s, t, u|s3 = t2 = u10 = (st)2 = [s, u] = [t, u] = 1〉

13. C6 ×D5 = 〈s, t, u|s5 = t2 = u6 = (st)2 = [s, u] = [t, u] = 1〉

Groups of order 72

There are 50 groups of order 72. However, we show the only groups that
are interesting for our case.

1. S4 × C3 = 〈t, a, b|t2 = a3 = b3 = (ta)4 = [t, b] = [a, b] = 1〉

2. (C3×C3)⋊8C8 = 〈a, b, t|a3 = b3 = [a, b] = t8 = 1, t7at = b, t7bt = ab〉

3.
(
(C3 × C3) ⋊1 C4

)
× C2 = 〈a, b, t, s|a3 = b3 = [a, b] = t4 = s2 =

[a, s] = [b, s] = [t, s] = 1, t3at = a2, t3bt = b2〉

4.
(
(C3 × C3) ⋊2 C4

)
× C2 = 〈a, b, t, s|a3 = b3 = [a, b] = t4 = s2 =

[a, s] = [b, s] = [t, s] = 1, t3at = b, t3bt = a2〉

5. (C3 × C3) ⋊1 D4 = 〈a, b, s, t|a3 = b3 = [a, b] = t4 = s2 = (st)2 =
[s, a] = [s, b] = 1, t3at = b, t3bt = a〉 = T ⋊ C6

6. (C3 × C3) ⋊2 D4 = 〈a, b, s, t|a3 = b3 = [a, b] = t4 = s2 = (st)2 =
(sa)2 = [s, b] = 1, t3at = b, t3bt = a2〉

7. (C3×C3)⋊1Q = 〈a, b, s, t|a3 = b3 = s4 = t4 = [a, b] = [b, t] = [a, s] =
(ts)2 = 1, t2 = s2, t−1at = a−1, s−1bs = b−1〉

8. (C3×C3)⋊2Q = 〈a, b, s, t|a3 = b3 = s4 = t4 = [a, b] = [a, s] = [b, t] =
1, t2 = s2, s−1ts = t−1, s−1bs = b−1, t−1at = a−1〉

9. (C3×C3)⋊3Q = 〈a, b, s, t|a3 = b3 = s4 = t4 = [a, b] = [a, b] = [b, t] =
[a, s] = 1, t2 = s2, s−1ts = t−1, s−1bs = b−1〉

10. (C3 ×C3)⋊4Q = 〈a, b, s, t|a3 = b3 = s4 = t4 = [a, b] = [a, t] = [b, t] =
1, t2 = s2, s−1bs = b−1, s−1as = a−1〉
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